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Abstract. 

In this paper we give a geometrical interpretation of all the second elliptic in- 
tegrable systems associated to 4-symmetric spaces. We first show that a 4- 
symmetric space G/Gq can be embedded into the twistor space of the corre- 
sponding symmetric space G/H. Then we prove that the second elliptic system 
is equivalent to the vertical harmonicity of an admissible twistor lift J taking 
values in G/Gq T,(G/H). We begin the paper with an example: G/H = K 4 . 
We also study the structure of 4-symmetric bundles over Riemannian symmetric 
spaces. 
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Introduction 

The first example of second elliptic integrable system associated to a 4-symmetric 
space was given in [7]: the authors showed that the Hamiltonian stationary 
Lagrangian surfaces in C 2 are solutions of one such integrable system. Later 
they generalized their result to complex two-dimensional Hermitian symmetric 
spaces, [9]. In [12], we presented a new class of geometric problems for surfaces 
in the Euclidean space of dimension 8 by identifying K 8 with the set of octo- 
nions O, and we proved that these problems are solutions of a second elliptic 
integrable system. Using the left multiplication in O by the vectors of the canon- 
ical basis of ImO we defined a family {u>i, 1 < i < 7} of canonical symplectic 
forms in O. This allowed us to define the notion of lui -isotropic surfaces, for 
I ^ {1, 7}. Using the cross-product in O we defined a map p: Gr 2 (0) — > S 6 
from the Grassmannian of planes in O to S 6 . This allowed us to associate to 
each surface E in O a function ps : S — > S e . In the case of ^/-isotropic surfaces, 
Pe takes values in a subsphere S 1 — SX^ig-MX)^*) ~ S 16- ' 7 '. We showed that 
the surfaces in O such that ps is harmonic (p -harmonic surfaces) are solutions 
of a completely integrable system S. More generally we showed that the an- 
isotropic p-harmonic surfaces are solutions of a completely integrable system 
Si. Hence we built a family (Si) indexed by /, of set of surfaces solutions of 
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an integrable system, all included in S = S®, such that I C J implies Sj C Si. 
Each Si is a second elliptic integrable system (in the sense of C.L. Terng). This 
means that the equations of this system are equivalent to the zero curvature 
equation : 

da x + - h A at\] = 0, 

for all A £ C*, and where a\ = \~ 2 a' 2 + A a_i + ctQ + \a\ + A 2 ^'. 
By restriction to the quaternions HcOof our theory we obtain a new class of 
surfaces: the ^/-isotropic p-harmonic surfaces in H. Then p(Gr2(H)) = S 2 and 
|/| = 0, 1 or 2. For |/| = 1 we obtain the Hamiltonian Stationary Lagrangian 
surfaces in R 4 and for |/| = 2, the special Lagrangian surfaces. By restriction 
to ImH, we obtain the CMC surfaces of M 3 . 

Besides, in [13], we found a supersymmetric interpretation of all the second 
elliptic integrable systems associated to 4-symmetric spaces in terms of super 
harmonic maps into symmetric spaces. This led us to conjecture that this system 
has a geometric interpretation in terms of surfaces with values in a symmetric 
space, such that a certain associated map is harmonic as this is the case for 
Hamiltonian stationary Lagrangian surfaces in Hermitian symmetric spaces or 
for p -harmonic surfaces of O. 

In this paper we give the answer to this conjecture. More precisely, we give 
a geometric interpretation - in terms of vertical harmonic twistor lifts - of all 
the second elliptic integrable systems associated to 4-symmetric spaces. Indeed 
given a 4-symmetric space G/Go, and its order four automorphism t: G — > G, 
then the involution a = r 2 gives rise to the symmetric space G/H, with H = G a . 
Then we prove that the second elliptic integrable system associated to the 4- 
symmetric space G/Gq is exactly the equation of vertical harmonicity for an ad- 
missible twistor lift in G/H. More precisely, given a 4-symmetric space G/Go, 
and its associated symmetric space G/H, then G/Go is a subbundle of the 
twistor space T,(G/H). We prove that the second elliptic integrable systems as- 
sociated to G/Go, is the system of equations for maps J: C — * G/Go C T,(G/H) 
such that J is compatible with the Gauss map of X : C — > G/H , the projection of 
J into G/H, i.e. X is J-holomorphic (admissible twistor lift), and such that J is 
vertically harmonic. We prove also that an admissible twistor lift J: C — > G/Gq 
is harmonic if and only if it is vertically harmonic and X : C — > G/H is har- 
monic. 

We begin the paper with an example: R 4 . This case was just mentioned briefly 
at the end of [12] as a restriction of the difficult problem in O. In this paper 
we study this problem independently and in detail. However, we also present a 
formulation of this problem in terms of twistor lifts which seems to be the ap- 
propriate formulation. Besides, in dimension 4 we have unicity of the twistor lift 
(in T, + {G/H) and E~(G/H) respectively) so we are in this case in the presence 
of a theory of surfaces (and not, as in the general theory of twistor lift). 

Hence we can speak about p-harmonic surfaces in this dimension (which are ex- 
actly the solutions of the second elliptic integrable system) . In our work we are 
led to prove some theorems on the structure of 4-symmetric bundles. Indeed we 
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want to answer the following questions. Given a Riemannian symmetric space, 
do there exist 4-symmetric bundles over it? In other words, does its twistor bun- 
dle contain 4-symmetric subbundles, and if yes, how can we characterize these 
4-symmetric components? are they isomorphic? How are they distributed in the 
twistor space ? Do they form a partition of the twistor space? The 4-symmetric 
spaces have been classified (at least in the compact case, see [TTJ [16]). However, 
our point of view is different: we want to keep an intrinsic point of view as 
long as possible, therefore we deal with the Riemannian symmetric space and 
a (locally) 4-symmetric bundle defined over it, and we try to forget as much as 
possible the order four automorphism of the Lie algebra. Our aim is to give a 
formulation of our problem which is as general and intrinsic as possible. For 
example, our definition of vertical harmonicity holds for any Riemannian man- 
ifold. Moreover we prove the following characterization: to define a (locally) 
4-symmetric bundle over M is equivalent to give ourself Jo £ E(T po M), an 
(orthogonal) almost complex structure in T pa M, which leaves invariant the cur- 
vature. We obtain the following picture: the submanifold of the twistor bundle 
leaving invariant the curvature is the disjoint union of all the maximal (locally) 
4-symmetric subbundle, which are orbits (under the action of some subgroups 
of Is(M)). Each isomorphism class of orbits defines a different second elliptic 
integrable system. 

Our paper is organized as follows. In Section Q] we deal with the p-harmonic 
surfaces in K . Section [2] contains our main result: the interpretation of the 
second elliptic integrable systems associated to a 4-symmetric space in terms 
of vertical harmonicity of an admissible twistor lift. Then Sections [3] and |4] are 
devoted to the study of the structure of 4-symmetric bundles over symmetric 
spaces. The last Section presents some examples of 4-symmetric bundles. 



1 p-harmonic surfaces in EI 

1.1 Cross product, complex structure and Grassmannian 
of planes in EI 

We consider the space R 4 = H with its canonical basis (l,i,j,k) (which we 
denote also by (ej)o<i<3). Let P = q A q' be an oriented plane of H (itself 
oriented by its canonical basis) then there exists an unique positive complex 
structural Ip € £ + (P) on the plane P. It is defined by Ip(q) — q' , Ip(q') = —q 
if (q,q') is orthogonal. Next, we can extend it in an unique way to a positive 
(resp. negative) complex structure in H = P © P ± , Jp (resp. Jp) given by 

Jp = I P ® I P ± 

Jp = I P ®-Ip± (1) 

In all the paper, for any oriented Euclidean space E, S(E) = {J e SO(E)\J 2 = -Id}, 
and S(M) denotes the twistor bundle of the Riemannian manifold M. 
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(P is oriented so that = P © P is positively oriented). Hence we obtain a 
surjective map: 

J+: Gr 2 (H) - E+(H) 

Gr-i (H) being the Grassmannian of oriented planes in H, and in the same way 
a surjective map J~ : Gr2(H) — > S~(H). 
Besides, we have 

JqAq' = ^<?Xi<?' = -(L q >Lq — LgL^), 

where qx j,g' = — Im (g ■ g') = Im (q' ■ q) is the left cross product (it is a bilinear 
skew map from HxHto ImH). Indeed, if (q, q') is orthonormal then qx j,g' = 
—q ■ q' £ S(ImH) so L qXLq r is a complex structure in EI and it is positive 
(because {L u ,u £ S 2 } is connected and Li £ E + (H) because (1, Lj(l), j, 
is positively oriented). Moreover if (g, q') is orthonormal then L qXLq >(q) = 
(l'~<l)q = q'~ Hence L qXLq ' = J qAq ,- Thus we obtain a diffeomorphism: 

S+(H) ^ S 2 

J i > J(l) ' W 

Under this identification, the map <[2j) becomes 

p + : Gr 2 (H) -» S 2 

qAq' h-> q X L q' . 

We can do the same for £ _ (H). We obtain that = R qXnq i = —Rqx R q' — 

^{R q iRq — RgR^r), where qx R q' = — Im (g • g') = Im (g' • g) is the right cross 
product (it is a bilinear skew map from HxHtoImH). Then we have the same 
identification between S _ (H) and S 2 , as in J3]). Under this identification J~ 
becomes 

p-: Gr 2 (H) -> S 2 

qAq' t-> qx R q' . 



1.2 Action of 50(4) 

Recall the following 2-sheeted covering of 50(4): 

X : S 3 xS 3 -> SO(4) 
(a, 6) i-» L a R^ 

and set 5^71(3)+ = {L a ,a £ S 3 }, 5^(3) _ = {R^b G S 13 }, then £0(4) = 
Spm(3)+5pin(3)_ = 5pm(3)_Spm(3)+. We have the two following represen- 
tations of Spin(3) £ : 

X + :L a ^ int« = i a i?a G S'O(ImH), X ~ : % >-» mt 6 = L fc % e SO(ImH). 

Then the map p e is Spm(3)-equivariant: for all q, q' £ H, g = L a R^ £ 50(4), 

(g<l) x L(gq') = a(qx L q')a = mt a (qx L q') 
(g<l) XR (#<?') = b(qx R q')b = mt b (qx R q'). 



4 



Hence we have Vg £ £0(4), 

Pe(s(« A«'))=x|(p B (9A« / )) 

(where we have extended x £ to 50(4) in an obvious way: x + {L a Rj;) = x + {L a ), 
X~{L a Rj;) — x {Rj;))- Besides the map J £ is also 5pm(3)-equivariant, in other 
words the identification J3]) is 5pin(3)-equivariant: 

V.g G 50(4), 

9JqAq'9 1 = L a R^L qXLq , R b La = Z/ Q ( gx Lg ,) a -1 = Jg( qM ,) ■ 

The action of Spin(3)+ = SU(R 4 ,R e ) (resp. 5pin(3)_ = 5[/(K 4 , J L e )) on 
S-(H) (resp. E+(H)) is trivial. Hence 50(4) acts on E e (H) only by its compo- 
nent Spin(3) e (in the same way it acts on 5 2 only by its component Spin(3) £ 
via x £ )- In fact, the equality gJ^^g^ 1 = J~gt q /^q>) results immediately from 
the definition of J qAq i and the fact that g is a positive isometry. This natural 
equality which is equivalent to what we called the fundamental property in [12] : 
(<?<z) x (.9?') — Xg(l x sOj ls characteristic of dimension 4: in this case it is pos- 
sible to associate in a natural way (which depends only on the metric and the 
orientation) to each plane a complex structure, which is not possible in higher 
dimension. In dimension 8, we must choose an octonionic structure in R 8 to do 
that (see [12]). 

1.3 The Grassmannian Gr 2 (EI) is a product of spheres 
Theorem 1 The map 

p+xp_: Gr 2 (H) -> 5 2 x 5 2 

qAq' i-> (q x L q',q x R q') 

is a diffeomorphism. 

Proof. 50(3) x 50(3) acts transitively on 5 2 x 5 2 so 50(4) acts transitively 

on 5 2 x 5 2 via x + x X~ , thus p + x p_ is surjective. 

Let e e 5(ImH), g = L a R^, g' = L a ,R v E 50(4) then we havc@ 

p + x p-(g(l A e)) = p+ x p-(g'(l A e)) -<=>■ (aea^ 1 , -beb^ 1 ) = {a'ea 1 ^ 1 , -b'eb'^ 1 ) 

a'~ l a,b'' 1 b&S 1 (e) 
=^ (L a > Ry) ~ 1 (£ a -%) ( 1 A e) = 1 A e 
g(l A e) = g'(l A e). 

Hence, since 50(4) acts transitively on Gr^QHI), we have proved that p+ x p_ 
is injective and that 

P+ x p_(s(lAe)) = p+ x A e)) (a'"" 1 ^ -1 ^ e S 1 (e) x S 1 (e) 

2 setting S 1 (e) = {cos 9 + sin 0e, e R}, 
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(in the previous sequence of implications, the last proposition implies the first 
one so all the propositions are equivalent). This completes the proof. ■ 
As it is the case in [12], it is useful here to introduce a function p E on Spin(3) E 
corresponding to p E : we define p Ee : Spin(3) E — > S 2 by p Ee (g) — X £ g ( e ) (where 
e G 5(ImH) = 5 2 ), i.e. under the identification Spin(3) E — S 3 we have p Ee (a) = 
int a (e) = aea -1 , which is nothing but the Hopf fibration 5 3 — » S 3 /S 1 (e). If 
p E (ei A €2) = e then p Ee (g) = p E {g{e\ A 62)). In the following, we will forget 
the index e. Hence, if we take e\ A e 2 such that p s {e\ A 62) = e for e = ±1 (i.e. 
ei A e 2 = (1 A e) which means also that (e, ei, e 2 ) is a direct orthonormal basis 
of ImH) then we have the following commutative diagram: 

S 3 x S 3 — » 50(4) 

P+xp_ i 

5-2 x 5-2 — Gr 2 (H) 

P+ xp- 

Let us now consider the restriction to ImH = R 3 of this diagram. First the uni- 
versal covering Spin{3) — > SO (3) is obtained by restriction to A3 = {(a, a), a G 
5 3 } ~ S 3 of x- 5 3 xS 3 — > 50(4), which gives the covering (a, a) h-> int a . 
Then supposing in addition that ei,e2 G ImH, the restriction to 50(3) of 
SO (A) -» Gr 2 (H) is only the surjective map g G 50(3) h-> ff(ei Ae 2 ) G Gr 3 (K 3 ). 
And the restriction to Gr2(M 3 ) of p+ x p_ gives the diffeomorphism p: u A v G 
Gr 2 (M 3 ) — > u x w G S 2 . Finally the restriction to A 3 of p+ x p_ gives the 
Hopf fibration p:a£S 3 H aea -1 G 5 2 . So by restriction to M 3 , we obtain the 
classical commutative diagram: 

S 3 — 50(3) 

Hopf l 1 
5 2 Gr 2 (R 3 ) 



Remark 1 Besides if we use E £ (H) instead of the sphere 5 2 the Hopf fibration 

p E becomes SU(2, J^ e ) - £ e (H) = 5C/(2, Jr A £ e )/f/(l) £ - 50(4)/[/(2, Jf Ae ) 
where J7(l)+ = i? s i (e) = exp(M.i? e ), C/(l)_ = L s i {e) = exp(M.L e ). 

1.4 The p-harmonic ^-isotropic surfaces 

We recall here in the particular case of H = K our result obtained in [12] 
about p-harmonic surfaces. To do that, we need to introduce some notations 
and definitions. We have 

3 

p E {q/\q) = -£^wf(g,g')e« 

i=l 
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where (ei)i<i< 3 = (i,j,k) and wf = (•, Jf Aei -) (i.e. w+ = (-,L^-), uj 1 = 
(•, -R 6 j •})• Let us set, for J ^ {1, 2, 3}, 

Qf = {P e GraCH)K(P) = o, i e /}, 

then Q = Gr 2 (H), = {P G Gr 2 (H), Lagrangian for w| }, and Q{ fe n is 

the set of special Lagrangian planes (more precisely the w|-Lagrangian planes 
P such that detcs(P) = ±i under the identification: x € M 4 i— > (xq + ixt,xi + 
i£Xkf\i) £ C 2 , with (k,l,k A /) cyclic permutation of (1,2,3); for example, if 
(k, I) = (1, 2), it is the identification (z\, z 2 ) € C 2 1— * zi + z 2 j G H for e = 1 and 
(zi,z 2 ) h-> zi + jz 2 for e = -1). We have also p £ {Qi) = S 1 = 5(0^ Me,) = 
S 2 , S 1 , {±efc} for \I\ = 0,1,2 respectively. Besides we have for I = {i} C 
{1,2,3}, that J + (Qi) = L s i = S 1 {RL ej © RL e J is the circle of positive com- 
plex structures which anticommute with L ei ; and for I = {i,j} C {1,2,3}, 
J+(Q T ) = L s i = {±i e J. 

We denote by Gf the subgroup of Spin(3) £ which conserves wf , for all i £ I; 
this is the subgroup of Spin(3) £ which commutes with L ei , for all i G /. 
Then Gf — S' 3 ,S' 1 ,{±1} for |/| = 0,1,2 respectively. We can also consider 
instead of Spin(?>) £ the group SO{A) (which is equivalent to add the component 
Spin(3)- £ which is useless), then we have Gf = 50(4), U(2, Jf Ae .), SU{2, Jf Ae .) 
for |/| = 0,1,2 respectively. Let e G S(@ i * J 'B£i). The inner automorphism, 
IntJf Ae , defines on Gf an involution which gives rise to the symmetric space 
S 1 = Gj/G e Iu ^ and in the Lie algebra of Gf , gj, to the eigenspace decompo- 
sition of AdJf Ae : 

with flg(J) = ker(AdJ+ e - Id), f 2 (I) = ker(AdJf Ae + Id). 

Let us introduce Qj — Gj x E 4 the group of affine isometries of which the linear 
part is in Gj, and its Lie algebra: g £ (I) — gj ©M 4 . Consider the automorphism 
of the group Qj: r| = Int(— sJf Ae , 0) with e G S r (® i rf J Me,). This is an order 
four automorphism which gives us an eigenspace decomposition of g e (I) c : 

9 £ (if = mi) 

feez 4 

with tf ±1 (I) = g s ±1 = ker(Jf Ae ± ild), fig (J) = g(/) c , fllOO = 0lOO C - Moreover 
we have [Q%(I),0f{I)} C fl|+,(J). 

We fix a value of £ = ± 1 . Then let us define as in [12] : 

Definition 1 Let L be an immersed surface in H, then a map pl'- L — > S" 2 is 
associated to it, defined by pl(z) = Pe(T z L) i.e. if X : L — > H is ifte immersion 
then pl = X*p £ . We will say that L is p-harmonic if pl is harmoni^. 
Let I £ {1,2,3}, we will say that L is u>i -isotropic if Vz G L, T Z L G Qj 
(i.e. L is ujf -isotropic for all i G I) which is equivalent to: ph takes values 
in S 1 = 5(©j^/Rej) G S 2 . Hence for \I\ = 1, the p-harmonic ujj -isotropic 

3 with respect to the induced metric on S 2 . 
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surfaces are the Hamiltonian stationary Lagrangian surfaces in C 2 , and 
for \I\ = 2, these are the special Lagrangian surfaces in C 2 (see above for 
the identification R 4 ~ C 2 ). 

If it could be an ambiguity as concerned the value of e = ±1, we will use the 
qualificatifs "left" and "right" respectively to design these two values. A lifted 
conformal left (resp. right) loi -isotropic immersion - LCuii - (if I = we will 
say a lifted conformal immersion or simply a lift) is a map U — (F, X) : L — > Qj 
such that X is a conformal wf -isotropic immersion and p e o F = p^. 

We have obtained the following result in [12] : 

Theorem 2 Let f2 be a simply connected open domain in C, and a an 1-form 
on ft with values in 5(1), then 

• a is the Maurer-Cartan form of a LCwi if and only if 

da + a A a = 0, a'!_ 1 = and a_ x does not vanish 

• furthermore, a corresponds to a p-harmonic loi -isotropic conformal immer- 

sion if and only if the extended Maurer-Cartan form a\ = \~ 2 a' 2 + 
A _1 a_i + ao + Xai + A 2 a 2 satisfies 

da\ + a\ A a\ = 0, VA G C*. 
Let us recall the proof given in [12] . 

Proof. To fix ideas, we take e = 1. a is a Maurer-Cartan form if and only 
if it satisfies the Maurer-Cartan equation. In this case, it can be integrated 
by U = (F, X) : n -» Qi, a = U^.dU, U{z„) = 1. Hence a = U~ x .dU = 
(F- 1 .dF,F~ 1 .dX). Moreover, F^.dX = a_ a + a x is real_and g ±1 = {V ± 
iL e V, V G H} so a_i = Si. Hence a"_\ = ct"_\ = a[ = a_i = 
[F- 1 %)dz <=► F- 1 ^ = ^(F- 1 ^) F-HX = h(q du + q' dv) with 

h e C°°(Q,R), qo,qf E C°°{n,S 3 ), (q ,q' Q ) = and p(q ,q' ) = e. Thus we have 
(a'Lx = and a'_i + 0) <^ dX = e f (qdu + q'dv) with / 6 C°°(0,M), [q,q') 
orthonormal and p{q,q') = Pe(F) i.e. px = Pe(F). This proves the first point. 
Hence we have the decomposition a = a 2 + a_i + ao + a± = a' 2 + a'_ 1 + ao + 
a'l + a.2- Furthermore, using the commutation relations [Qk(I),Ql(I)] C Qk+i(L), 
[fl±i,0±i] = {0}, we obtain 

dct\ + a\ A ot\ = A~ 2 (da' 2 + [ao A a' 2 )]) 

+\~ 1 (da'_ 1 + [a'_ 1 A a ] + [a'{ A a' 2 ]) 

+ (da a + — [ao A a ] + ^[a' 2 A a 2 ]) 

+\(da" + [a" A a ] + [oLi A a 2 ]) 
+A 2 (da 2 ' + [a Aa' 2 ']), 
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the coefficients of A , A , A are respectively the projections of da + a A a on 
fl-i)0O:0i respectively so they vanish and hence 

da\ + a\ A a\ — d/3 A 2 + /3 A 2 A /3 X 2 

where [3\ = A" 1 a^ + ao + Aa^' is the extended Maurer-Cartan form of (3 = 
F^.dF, the Maurer-Cartan form of the lift F G Gi of px eS'. According to 
[6], we know that px is harmonic if and only if d(3\ + (3\ A (3\ = 0, VA G C*. 
This proves the second point and completes the proof. ■ 

Remark 2 We have p_{x,y) = — Im (x.y) = p + (x,y). Hence X : il — > H is 
p_-harmonic if and only if X is p+-harmonic, and X is ojJ -isotropic if and only 
if X is ^/-isotropic. Besides if U = {F, X) : CI — > Gi k H is a left LCw/ then 
we have F = L a and aea^ 1 = px — P+(q, q') with dX = e UJ (qdu + q'dv), (q, q') 
orthonormal. Thus p-(q,q') = aeaT 1 and hence U = (Ra, X) is a right LCwj. 

Remark 3 The restriction to ImH = R 3 of the left (or right) cross product 
gives us the usual cross product in M 3 . Hence a surface in ImH is left (resp. 
right) p-harmonic if and only if it is a constant mean curvature surface. 
In the same way, it is easy to see that a surface in S 3 is left (resp. right) 
p-harmonic if and only if it is a constant mean curvature surface. 

Remark 4 We can apply now the Dorfmeister-Pedit-Wu method (DPW) to 
obtain a Weierstrass representation of p-harmonic surfaces (see [6jl7jl9j[T2lll3|). 
There are non-trivial technical difficulties in establishing DPW, such as proving 
loop group splittings ([6lfl4]). 

2 Second Elliptic Integrable Systems 

2.1 4-symmetric spaces and twistor spaces 

Definition 2 Let M be a Riemannian symmetric space. We will say that a 
Lie group G acts symmetrically on M or that M is a G-symmetric space if 
G acts transitively and isometrically on M and if there exists an involutive 
automorphism of G, a , such that H the isotropy subgroup at a fixed point po € 
M. satisfies (G a ) Q C H C G° . We will say also that G/H is a symmetric 
realisation of M . 

We will say that a G -homogeneous space N — G/Go is a 4-symmetric bundle 
over the G-symmetric space M if there exists an order four automorphism r of 
G, such that (G T )° C Go C G T , and (G,t) gives rise to the symmetric space 
M, i.e. cr = t 2 and G a C H. 

A G -homogeneous space N = G/Gq is a locally 4-symmetric space if there exists 
an order four automorphism of the Lie algebra q — LieG, t: q — * g such that 
g r = Lie Go- We will say that G/Gq is a locally 4-symmetric bundle over the 
G-symmetric space M if t 2 — a (and Gq C H). 
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Let us consider M a G-symmetric space with r: g — ► g an order four auto- 
morphism such that t 2 = a. The automorphism r gives us an eigenspace 
decomposition of g c : 

8 C =©fc 

fc6Z 4 

where is the e I?CTr / 2 -eigenspace of r. We have clearly O = 0o i flfe = 8-k an d 
[fifc.fji] C 0fe+i. We define 2 , m and fl 1 by 

92=82, m c =g-iffifli and gj= g k , 

fcez 4 \{o} 

it is possible because 02 = §2 and = gi. Let us set 0-1 = 0-1,01 = 0i (i.e. 
we forget the " ~ "), f) = 0o © 02 • Then 

= h©m 

is the eigenspace decomposition of the involutive automorphism cr, f) is the Lie 
algebra of H, the isotropy subgroup of G at a reference point po, and m is 
identified to the tangent space T Po M, Besides we remark that ti ot £ S(m) 
(since Ti ro c = — ild g _ 1 © zld 01 j3, which gives us the following theorem (proved 
in section [372]) . 

Theorem 3 Let us consider M a Riemannian G-symmetric space andr: 0^0 
an order four automorphism such that r 2 = a. Let us make G acting on S(M); 
g ■ J = gJg^ 1 . Let Jq £ £(T po M) be the complex structure corresponding^ 
t° ~ T \m £ ^(ro); under the identification T po M = m. Then the orbit of Jo 
under the action of G is an immersed submanifold of E(Af). Denoting by Gq 
the stabilizer of Jo, then Lie Go = g T and thus G/Gq is a locally ^-symmetric 
bundle over M , and the natural map 

i: G/G Q — > E(Af) 
g. G 1 — ► g-hg^ 1 

is an infective immersion and a morphism of bundle. Moreover, if the image of 
G in Is(M) (the group of isometry of M) is closed, then i is an embedding. 

2.2 The second elliptic integrable system associated to a 
4-symmetric space 

We give ourself M a Riemannian G-symmetric space with r : — > an order 
four automorphism such that t 2 — a, and TV = G/Go the associated locally 
4-symmetric space given by theorem [31 We use the same notations as in Sec- 
tion EHJ Then let us recall what is a second elliptic system according to C.L. 
Terng (see p3J)- 

4 We choose a metric in m invariant by ri m (and of course by AdH), see section [3TTI 
5 About the choice of — Ti m (instead of Ti ro ) and its link to the (1, 0)-splitting, see theorem[4] 
and remark [131 for later explanation. 
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Definition 3 The second (Q,r)-system is the equation for (uo,Ui,u 2 ): C 
®j=oS-j> 



dzii 2 + [uo, u 2 ] = (a) 
dzU 1 + [u o ,ui] + [ui,u 2 ] = (b) 
-dgu + d z u Q + [u , u ] + [ui,ui] + [u 2 , u 2 ] = 0. (c) 



(4) 



It is equivalent to say that the 1-form 



2 



a\ = 



A l Uidz + \ l u t dz = A 2 a 2 + A 1 a' 1 + a a + \a'{ + \ 2 a' 2 ' 



(5) 



4=0 



satisfies the zero curvature equation: 



da\ + - [ct\/\ a\] = 0, 



(6) 



for all A £ C*. We will speak about the (G,r)-system (t is an automorphism of 
LieG = s) when we will look for solutions of the (g, r) -system in G, i.e. maps 
U : C — > G such that their Maurer-Cartan form is solution of the (g, r) -system, 
in other words when we integrate the zero curvature equation in G. We will 
call (geometric) solution of the second elliptic integrable system associated to the 
locally 4-symmetric space G/Gq a map J: C — * G/Gq which can be lifted into a 
solution U : C — » G of 

Remark 5 In (4), {Im((a)), (b), (c)} is equivalent to da + | [a A a] = 0. Hence 
the additional condition added to the Maurer-Cartan equation by the zero cur- 
vature equation © is Re {dga 2 (-^) + [a' ' a 2(^)] ) = or equivalently 



The first example of second elliptic system was given by F. Helein and P. Romon 
(see [9]): they showed that the equations for Hamiltonian stationary La- 
grangian surfaces in 4-dimension Hermitian symmetric spaces are exactly the 
second elliptic system associated to certain 4-symmetric spaces. Then in [12] . 
we found another example in O: the p-harmonic surfaces in O, which by re- 
striction to H gave us the p-harmonic surfaces in H (studied in section [1]) which 
generalize the Hamiltonian stationary Lagrangian surfaces in C 2 . 

Definition 4 Let M be a Riemannian manifold and V its Levi-Civita connec- 
tion which induces a connection on End(TAf). Let us define for each (p, J p ) S 
S(M) the orthogonal projection 



(T p M is an Euclidean vector space so S(T p M) is a submanifold of the Euclidean 
space End(TpM) and so Tj p H(T v M) is a vector subspace o/End(T p Af) and we 



d(*a 2 ) + [a A (*a 2 )] = 0. 



pr^p, J p ) : End(T p Af) -> T Jp (E(T p M)) 
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can consider the orthogonal projection on this subspace). Given L a Riemannian 
surface and J: L — > E(M) we set 

AJ = pr x (J).Tr(V 2 J) 

where Tr is the trace with respect to the metric on L (in fact, we take the 
vertical part of the rough Laplacian) . We will say that J is vertically harmonic 
if AJ = 0. This notion depends only on the conformal structure on L. 

Definition 5 Let (L,j) be a Riemann surface, M an oriented manifold and 
X : L — > M an immersion. Let J : L — > X*(E(M)) be an almost complex struc- 
ture on the vector bundle X*(TM). Then we will say that J is an admissible 
twistor lift of X if one of the following equivalent statements holds: 

(i) X is J -holomorphic: *dX := dX o j = J.dX 

(ii) J is an extension of the complex structure on the oriented tangent plane 

P = X*(TL) induced by j, the complex structure of L, or equivalently J 
induces the complex structure j in L. 

(iii) X is a conformal immersion and J stabilizes the tangent plane X*(TL), 
i.e. for all z G L, J z stabilizes X*(T Z L) and induces on it the same 
orientation, which we will denote by J Q X* (TL) 

(iv) X is a conformal immersion and J is an extension of the unique positive 
complex structure Ip of the tangent plan P = X*(TL). 

Finally, we will say that a map J : L — > E(Af) is an admissible twistor lift if 
its projection X = pr M o J : L — > M is an immersion and J is an admissible 
twistor lift of it. 

Theorem 4 Let L be a simply connected Riemann surface and (G, r) a locally 
^symmetric bundle over a symmetric space M — G/H. Let Jq £ E(T po M) be 
the complex structure corresponding to — r\ m (see Section Un)) . Let be Jx ■ L — > 
i(G/Go) C Y,(G/H). Then the two following statements are equivalent: 

• Jx is an admissible twistor lift. 

• Any lift F : L — » G of Jx (FJqF^ 1 = Jx) gives rise to a Maurer-Cartan form 

a = F^ 1 .dF which satisfies: a!'_\ = o! x = and a'_ 1 does not vanish. 

Furthermore, under these statements, Jx ■ L — » E(G/i?) is vertically harmonic 
if and only if Jx'- L — * G/Gq is solution of the second elliptic integrable system 
associated to the locally ^-symmetric space (G,t), i.e. 

da x + ^[a x Aa x ] = 0, VA € C*, 

where a\ = \~ 2 a' 2 + A -1 ^! + cxq + Act" + A 2 c*2 * s the extended Maurer-Cartan 
form of a. 
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Proof. For the first point, let us make F 1 acting on the equation dX o j = 
Jx-dX, we obtain a m oj = — ri m (a m ) which is equivalent to a!!_i = a[ = 0. 
Thus a_i(^) = a m (J|) = F -1 .^, and X is an immersion if and only if a'_ 1 
does not vanish. 

_L 

For the second point, let us recall that End(T p M) = sym(T p M) © so[T p M) and 
given J e S(TpM), we have TjE(T p M) = Ant(J) = {A e so(T p M)\AJ + J A = 
0} and (TjE(TpM)) 1 - n so(T p M) = Com(J) = {ie so(T p M)\[A, J] = 0}. 
Now, let us compute the connection X*V on X* (End (TM)), in terms of the 
Lie algebra setting. Let A be a section of X*(End(TM)) and Y a section of 
X*(TM). Let A S (7°° (£, End (T Po M)) be defined by A F . PD = FAqF^ 1 and 
A m e C°°(L, End(m)) its image under the identification T po M = m. Then 
Af.p corresponds to AdF oA m o AdF -1 (under the identification TM = [m] := 
{(g-Po, Adg(£)), £ G m, <? G G}, see section l3TTj) . In particular (Jx)m = — T |m 
(we suppose F(p ) = 1). We set also Y = AdF(£).p , £ e C°°(L, m). From 
now, we do the identification TM = [m] without precising it. Then, denoting 
by [ , ] m the m-component of the Lie bracket, we have 

(VA)(Y) = V(AY) - A(Vy) 

= AdF([d(A m + [a, A m .^]] m - An(d£ + [a,C]m)) 
= AdF ((cL4 m )£ + (ada„ o A m - A m o ada&)£) . 

Hence 

VA = AdF{dA m + [adtoOtfrAn]). 

In particular^ 

VjlJx = -2AdF(ad m a' 2 o r !m ) 

(because ad m go commutes with Ti m whereas ad m g2 anticommutes with it) and 
thus 

V^l(V^Jx) = -2AdF(ad m (9ja' 2 )oT| m + [ad m (a / t| '),ad m (a2)or| m ]) 
= -2AdF (a,d m (d s a' 2 ) o r\ m + ad m ([aQ , a' 2 ]) o r jm 

+ [ad m a 2 , ad m (a 2 ) o r| m ]) 
= -2AdF (ad m (9ja 2 + [ap, a' 2 ]) o Tj m + [ad m a 2 , ad m (a 2 ) o T] m ]) 

but — AdF ([ad m a 2 , ad m (a' 2 ) o r| m ]) commutes with — AdF(r| m ) = Jx so it is 
orthogonal to TjT,(T p M) thus 

pr ± (J x ).V JL (V^ J x ) = — 2AdF (ad m (9 z -a 2 + K',a 2 ]) o r| ra ) . 
Hence, since ad m is injectivdll 

A Jx = Re {d- z a' 2 + K, a' 2 ]) = 0. (7) 
This completes the proof. ■ 

6 In all the proof, we will merge a' k (resp. a' k ) with ot' k {-^) (resp. <J!jI(t|L)), and in particular 
write '[aj^aj]' instead of '["^'(^ )> a [(~§z)Y- 2 is a local holomorphic coordinate in L. 
7 We can do this hypothesis without loss of generality, see section 1370 
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Remark 6 The equivalence ([7]) holds for any map Jx-L—> i(G/Gq). Indeed, 
we have not used the fact that Jx is an admissible twistor lift to prove this 
equivalence. 

Theorem 5 Let Jx ■ L — > G/Gq Y,(G/H) be an admissible twistor lift. 
Then Jx- L — > G/Gq is harmoni^ if and only if X : L — > G/H is harmonic 
and Jx is vertically harmonic. 



Proof. Jx ■ L — > G/Gq is harmonic if and only if the Maurer-Cartan form 
a = F~ 1 .dF of the lift F: L -> G of J x (FJqF- 1 = J x ) satisfies (see [5]) 



(where g = go © 1 is the reductive decomposition corresponding to the homo- 
geneous space G/Gq, see Section I2TT]) which splits into 




d- z a' 2 + K, a! 2 ] + i[ai',ai] + Jk.^LJ = 
,, , 1 „ , 1 ,, , 

1 1 

fcai + [a ',ai] + -[a£,a / _ 1 ] + ^[a"^] = °- 



(8) 



then, using a" j = = 0, we obtain 





we have 



-K,a'_ 1 ]=0). 



which splits into 




and using a" j = = 0, we obtain 




This completes the proof. 



8 with respect to any metric induced by an AdG-invariant metric in g. 
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3 Structure of 4-symmetric bundles over sym- 
metric spaces 

3.1 4-symmetric spaces 

Let G be a Lie group with Lie algebra g, t : G^Gan order four automorphism 
with the fixed point subgroup G T , and the corresponding Lie algebra fjo = r - 
Let Go be a subgroup of G such that (G T )° C Go C G T , then Lie Go = 0o 
and G/Go is a 4-symmetric space. The automorphism r gives us an eigenspace 
decomposition of g c for which we use the notation of section l2,ll Then g = [)©m 
is the eigenspace decomposition of the involutive automorphism a = r 2 . Let H 
be a subgroup of G such that (G CT )° c H c G a then LieH = I) and G/H is a 
symmetric space. We will often suppose that Go and H are chosen such that 
Go = G T (~)H. With this condition, Go C H so that G/Gq is a bundle over G/H. 
Recall that the tangent bundle TM is canonically isomorphic to the subbundle 
[m] of the trivial bundle M x g, with fibre Adg(m) over the point x = g.H 6 M. 
Under this identification the canonical G-invariant connection of M is just the 
flat differentiation inMxg followed by the projection on [m] along [h] (which is 
defined in the same way as m) (see [4]). For the homogeneous space N = G/Gq 
we have the following reductive decomposition 

= 5000! (10) 

(g can be written g = m© 02) with [flcflj C g . As for the symmetric space 
G/H, we can identify the tangent bundle TN with the subbundle [g ] of the 
trivial bundle JVxg, with fibre Adg(g ) over the point y = g.Go G N. 
The symmetric space M = G/H is Riemannian if it admits a G-invariant metric, 
which is equivalent to say that m admits an Ad(i?)-invariant inner product or 
equivalently, that Ad m (H) be relatively compact^. We remark that the Levi- 
Civita connection coincides with the previous canonical G-invariant connection 
and in particular is independent of the G-invariant metric chosen. We will always 
suppose that the symmetric spaces M which we consider are Riemannian. We 
will in addition to that suppose that the Ad(77)-invariant inner product in m 
is also invariant by T\ m (such an inner product always exists when Ad m (H) is 
relatively compact, see the appendix). We will also suppose that M is connected, 
then G° acts transitively on M and so we can suppose that G is connected. 
We want to study the Riemannian symmetric spaces M such that there exists a 
4-symmetric space (G, r) which gives rise to M in the same way as above. For 
that, let us recall the following theorem: 

Theorem 6 J3 \Wj Let M be a Riemannian manifold. 

(a) The group Is(M) of all the isometries of M is a Lie group and acts differ- 
entiably on M. 

9 In the literature, it is often supposed that Ad m (H) is compact. We will see that these 
two hypothesis are in fact equivalent. 
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(b) Let po G M, then an isometry f of M is determined by the image f(po) of 

the point po and the corresponding tangent map T po f (i.e. if f(po) = g(po) 
and T po f = T po g then f = g). 

(c) The isotropy subgroup Is Po (M) = {/ G Is(M); /(po) = Po} is a closed sub- 

group ofls(M) and the linear isotropy representation p Po : / G Is Po (M) i— > 
Tp f G O(T P0 M) is an isomorphism from Is Po (M) onto a closed subgroup 
of O{T P0 M). Hence Is Po (M) is a compact subgroup ofls(M). 

(d) If M is a Riemannian homogeneous space, M = G/H with G — Is(M), 

H = Is Po (M) and m an AdH -invariant space such that g = t) © m, then 
the previous closed subgroup, image of H by the preceding isomorphism 
p po , i.e. the linear isotropy subgroup H* can be identified to Ad m H. More 
precisely the linear isometry £ G m i— » £.po € T po M gives rise to an iso- 
morphism from 0(m) onto 0(T pa M) which sends Ad m H onto H* . Hence 
the linear adjoint representation of H on m; g € H i— > Ad m <7 G Ad m H is 
an isomorphism (of Lie groups). H = H* = Ad m H . 

3.1.1 First convenient hypothesis. 

There may be more than one Lie group G acting symmetrically on a Riemannian 
symmetric space M. Besides, we have a convenient way to work on Riemannian 
symmetric spaces: it is to consider that G is a subgroup of the group of isometries 
of M, Is(M), which is equivalent to suppose that G acts effectively on M, i.e. 
H, the isotropy subgroup at a fixed point po does not contain non-trivial normal 
subgroup of G (see [2]). It is always possible because the kernel K of the natural 
morphism 4>h ■ G — » Is(M) is the maximal normal subgroup of G contained in H 
F°L and G' = G/K acts transitively and effectively on M — G/H with isotropy 
subgroup H' = H/K. Thus M = G'/H' and since K C H C G a , then a gives 

rise to an involutive morphism a' : G' — > G' such that (G' a )° C H' C G /<T . 
Now, let us suppose that there exists an order four automorphism t: G — > G 
such that cr = r 2 . Then it gives rise to an isomorphism r' : G/K — * G/t(K). 
We would like that r(isT) = K. It is the case if t{H) = H: K and t(K) 
are respectively the maximal normal subgroups of G contained in H and t(H) 
respectively, and so if t(H) — H then K — t(K). 

Let us suppose that t{K) = K, then r gives rise to an order four automorphism 
t': G/K — > G/K such that cr' = r' 2 . With our convention we have G' Q — 
G' T tlH', then we obtain a 4-symmetric bundle N' min = G'/G' Q over M. Hence, 
when G' describes all the possible choices: (G' T )° C G' C G' T tlH', we obtain a 
family of 4-symmetric bundles N' = G'/G' Q over M which are discrete coverings 
of N' mm = G'/(G' T ' DH') and of which N' max = G' /{G' T 'f is a discrete covering. 
For example, if we choose G' — ttk(GoK), we obtain the 4-symmetric bundle 

10 K = ker 4>H = ker p pg = ker Ad m 
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over M, N' = (G/K)/tt k (GqK) = G/G K = N/K\±H 

Let us come back to the general case (i.e. we do not suppose that t(K) = K). 
Since r(f)) = f), we have t(H°) = H° and thus denoting by Kq the maximal 
normal subgroup of G contained in H° (we have K° C K C K R then 
r(i4To) = K for the same reason as above (in particular, if K — K i.e. K C H° , 
then we are in the previous case: t(K) = K). Hence r gives rise to an order four 
automorphism f : G/Kq — » G/Kq and we are in the case considered above if we 
consider the symmetric space M = G/H° (instead of M). Let us precise this 
point. Indeed M is a (G/i^o)-symmetric space and G — G/K acts effectively 
on it (the isotropy subgroup H = H° / K does not contain non-trivial normal 
subgroup of G/Kq): as above a gives rise to an involutive automorphism a 
of G = G/Kq such that H = (G a )° and f is an order four automorphism of 
G/Kq such that f 2 = a. Finally, as above we obtain a family of 4-symmetric 
bundles N — G/Gq over M when Go describes the set of all possible choices: 
(G f )° cG cG f ni 

Moreover, the involution a of G/Kq gives rise also to the G/i4T -symmetric space 
M (i.e. (G 5 ) C H/Kq C G d or equivalently M belongs to the family of G/Kq- 
symmetric spaces defined by a (of which M is a discrete covering)). 

In the same way, we have t(G <t ) = G CT and thus we can do the same as above 
for the symmetric space M m i n = G/G° ' . 

Nevertheless, in general, it is possible that t{K) ^ K and then r does 
not give rise to an order four automorphism of G' = G/K but only to the 
isomorphism r' : G/K — » G/t(K). However, the tangent map T e r' = T e f is 
an order four automorphism of the Lie algebra Lie(G/i4f) = Lie(G/r(K)) = 
Lie(G/K a ) = g/t, and we have (T e r') 2 = T e a' , thus N/K = (G/K)/tt k {G K) 
is a locally 4-symmetric bundle over M {L\B'Kk{GqK) = g T " T ). 

Hence we have two good settings to study the Riemannian symmetric spaces 
M over which a 4-symmetric bundle can be defined, if we want to work only 
with subgroups of Is(M). 

The first possibility is to consider that we begin by giving ourself an order 
four automorphism r : G — > G and that we always choose the Riemannian sym- 
metric space M — G/H with H = (G T )° (respectively M TO j„ = G/H with 
H = G T ). In other words, in the family of G-symmetric space corresponding 
to a = t 2 (i.e. (G CT )° C H C G ff ), we choose the "maximal" one M = G/(G CT )°, 
which is a discrete covering of all the others (respectively the "minimal" one 
M m in = G/G a , of which all the others are discrete coverings). Then according 
to what precedes, we can always suppose that G is a subgroup of Is(M) (re- 
spectively of Is(M mi „)). 

The second possibility is to work with locally 4-symmetric spaces. In other 
words we begin by a Riemannian symmetric space over which there exists a 
locally 4-symmetric bundle. It means that we work with the following setting: 

11 In the writing N' = N/K, K does not act freely on N in general: it is K 1 = K/K n Go 
which acts freely on N and we have N' = N/K = N/K'. In particular it is possible that 
N/K = N for a non-trivial K (see section [53J. 
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a Riemannian symmetric spaces M with G a subgroup of Is(M) acting sym- 
metrically on M and an order four automorphism r: g — > g, such that r 2 = cr. 
To define the locally 4-symmetric space N in this setting, we must tell how we 
define Go- We will set 

Go = {g G H\ Ad m g a r, m o Adntf -1 = r, m }. (11) 

First, we have to verify that if r can be integrated by an automorphism of G, 
also denoted by r, then we have Go = G r n H. Indeed, if g G G r n H, then 
Adg o r o Adg -1 = Ad(<7.r(g) _1 ) o r = r and since AdH stabilizes m, we have 
Ad m g o T| m o Ad m g _1 = Tj TO by taking the restriction to m of the preceding 
equation. Conversely, suppose that g £ H and Ad m goT| m o Ad m g _1 = T\ m , then 
Ad(g.r(5i) _1 ) o r\ m = T| m so since 7] m is surjective, Ad(g.r(3) _1 )| m = Id m and 
since the adjoint representation of H on m is injective (because we suppose that 
G is a subgroup of Is(M), and thus H is a subgroup of Is Po (M)) it follows that 
g-r{g)~ 1 — 1. Finally, g G G T R H. Thus our definition (fTTj) is coherent with 
our convention which holds when r can be integrated by an automorphism of 
G. 

Besides, it is easy to see that Lie Go = {a G f)| ad m a o ri m = ri m o ad m a} = go. 
(Indeed, Va G go, ada o r = t o ada, and Va G g2, ada o r = — t o ada, moreover 
T| m o ad m a = =>■ ad m a = ^> a = because a G t) i— > ad m a is the tangent 
map of h £ H i — > Ad m /i which is an injective morphism). Hence A = G/Go is 
a locally 4-symmetric bundle over M. 

Further, let 7r: G — > G be the universal covering of G, and 13 = ker7r. Then 
r can be integrated by f : G — » G. Set cr = f 2 , then cr o 7r = 7r o a and 
Tier = Tier = (Tif) 2 . G acts almost effectively on M with isotropy subgroup 
H = ii~ l (H) and almost effectively on M = G/H° which is the universal 
covering of M (see [ID])- Besides, if G does not act effectively on M, then 
we take Dq the maximal normal subgroup of G included in H , and then we 
quotient by it, so that we obtain an effective action of G/Dq on M and f gives 
rise to an automorphism of G/Dq, according to above. Thus we are in the first 
possibility. Besides it is easy to see that Vg G G, Ad.g = Ad7r(<7) (more precisely 
Tiir o Adg = Ad7r(g) o Tin and we identify g and g so that Tin = Id). Thus 
G = G f n H° = {g £ H°\Adg o T , m o Adg- 1 = r, m } C tt" 1 ^) . Hence the 
4-symmetric space G/G is a discrete covering of the locally 4-symmetric space 
G/Go and we have the following commutative diagram: 

G/G ► G/Go 

1 (12) 
M > M . 

In conclusion, the two possibilities are equivalent, but we will use the second 
one because it works with any symmetric space M, whereas the first one needs 
that we choose a certain covering of M (for example its universal covering) . 
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Remark 7 We see that in the preceding reasoning (this using the universal 
covering G) we need only the automorphism of Lie algebra r (and not the 
symmetric space M). Hence, we can consider that we work in the Lie algebra 
setting and give ourself an order four automorphism r of q. Then we consider 
the family of associated pairs (G, H) where G is a connected Lie group with 
Lie algebra q and H a closed Lie subgroup with Lie algebra f) = Q a . To each 
such pair corresponds the locally symmetric space M — G/H and defining Go 
by ifTTj) . the locally 4-symmetric bundle N — G/Go over M. Let G be a simply 
connected Lie group with Lie algebra g, then t and a integrate in G and thus 
for H the closed subgroup with Lie algebra f), we can take any subgroup such 
that (G CT )° C H C G a (which implies that H is closed). If we suppose H 
connected, i.e. H — (G CT )°, then M = G/H is a symmetric space and is also the 
universal covering of all the locally symmetric spaces M — G/H when (G,H) 
describes all the associated pairs (see [10]), and we have the above commutative 
diagram between the 4-symmetric bundle N = G/Gq over M and the locally 
4-symmetric bundle N = G/Gq over M. Moreover if M is Riemannian then 
all the symmetric spaces M = G/H when (G,H) describes all the symmetric 
associated pairs are Riemannian (see appendix, corollary [3} . 

Remark 8 Let us consider M a G-symmetric space, G C ls(M), and r: g — > g 
an order four automorphism such that r 2 = a. Then we have r\ m G S(m) 
( r |m c = — *Id fl _ 1 © i!d Bl ) and it is easy to see that 

Va G f), r|f,(a) = ad m 1 (r| m o ad m a o t^ 1 ). 

In other words, under the identification f) ~ ad m f) C so(m), Tif, is the restriction 
to f) of Ad(ri ro ): so(m) — » so(m). Hence r is determined by ri w . Besides m is 
the tangent map of the isomorphism th ■ 

T H (g) = Ad m 1 (r| m o Ad m g o t^ 1 ), 

for g G H° (and more generally for g G Ad m 1 o (Intr| m ) _1 o Ad m (H)). Under 
the identification H ~ Ad m H C 0(m) it is the restriction to H° of the invo- 
lution Intr| m : O(m) — > O(m). According to the definition IpT) of Go, we have 
G = H TH . Besides t h (H°) = i? , thus i/°/Gg is an #°-symmetric space. If 
Intri m (Ad m iJ) = (Ad m H), then th is defined in H and tjj(H) = i/, then H/Gq 
is an 77-symmetric space (if th(H) ^ H it is only a locally symmetric space). 
Obviously, if r can be integrated in G then t# = t\ h . 

Definition 6 Let M be a G-symmetric space. Let Aut(m) be the subgroup of 
O(m) defined by: 

Aut(m) = {F G O(m) | F(ad m [i!,i/])F -1 = &d m [Fv, Fv'}, Vu,u' G m}, 

is i/ie subgroup of 0(m) which leaves invariant ad m ([-, ]| mxm ) G (A 2 m*) ® 
so(m). /is Lie Algebra 

Der(m) = {A G so(m) | [A, &d m [v, v']] = &d m [Av,v'] +ad m [v,Av'], Vu,u' G m} 
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is the Lie subalgebra of so(m) which (acting by derivation) leaves invariant 
ad m ([-, ■] 

mxm 

) G (A 2 m*) ®so(m). 



Theorem 7 Let M be a G '-symmetric space, G C ls(M), and r: g — » g an 
order four automorphism such that t 2 = a. Then Ti m G Aut(m) and t can 6e 
extended in an unique way to the Lie algebra Der(m) ©m endowed with the Lie 
bracket 

[(A, v), (A', v')\ = ([A, A'} + ad m [v, v'\, A.v' - A'.v) 

and of which q is a Lie subalgebra, under the inclusion a + v G E) ffi m i— ► 
(ad m a,u) G Der(m) ffim, by setting 

l|ra = T |m and T pcr(m) = Adr ]m . (13) 

Conversely, given r m G 0(m), the linear map r defined by ^13\) is an automor- 
phism of the Lie algebra Der(m) ©mi/ and only if r m G Aut(m). Besides it 
satisfies r 2 = IdDcr(m) © ~Id m (and in particular is of order four) if and only if 
r m G S(m). 

Hence, to define a locally ^symmetric bundle over the Riemannian symmetric 
space M (with the realisation M — G/H, i.e. r is an automorphism of $ such 
that t 2 — <j) is equivalent to give our self r m G S(m) fl Aut(m) such that the 
order four automorphism r of Der(m) © m stabilizes g = f) © m, i.e. such that 
T m (ad m t))T rn 1 = ad m () (i.e. ad m f) is a subalgebra o/Der(m) invariant by Adr m ). 

-\e 



Then r = ti„ is an order four automorphism of q such thatr 2 — Idf,©— Id m = a. 



Proof. First r\ m G Aut(m): that follows from the fact that r is an automor- 
phism, so t o ada o r _1 = adr(a) , Va G Q. 

Second, Der(m) © m is a Lie subalgebra . We have to check that the Jacobi 
identity is satisfied. It is a straightforward computation (see |10j). Then we 
have to check that r is an automorphism if and only if r m G Aut(m). 
If r m G Aut(m) then 

• if A, A' G Der(m), t([A, A']) = [t(A),t(A')\ because r Derj - m ) = Adr m is an 

automorphism of Der(ra). 

• if A G Der(m), v G m, t([A,v]) = r m (A.v) = ^At^^.v) = [t(A),t(v)} 

• if v,v' G m, t([v,v']) = AdT m (ad m [w,w']) = ad m ([r ro u,r OT u']) = [t(v), t(v')] 

because r m G Aut(m). 

Finally r is an automorphism and the unique extension of r (because it is 
determined by T| m , see remark [8]). 

Conversely if r is an automorphism of Lie algebra then 

Tmad m ([w,w'])r m 1 = (r ad([u, w'])r _1 )| m = (adr([w, v']))\ m = ad m ([r(w), t(v')}) = ad m ([r m w, r m v'}). 
Thus r m G Aut(m). 

The last assertion of the theorem follows from what precedes. This completes 
the proof. ■ 
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Remark 9 Let r m 6 S(m) then the condition Adr m (ad m [)) = ad m l) implies 
that there exists an automorphism Tf, of f) defined by Va € F), Adr m (ad m a) = 
ad m Tf,(a), i.e. Tf, = ad,,, 1 o Adr m o ad m . Then the condition r m 6 Aut(m) is 
equivalent to 

Tf,([v,v']) = [r m v,T m v'], Mv,v' G m. 

And obviously, if these two conditions are satisfied then we have Tf, = ri[, (where 
t = r g is given by the theorem [7| • 

Remark 10 Let us consider the map 

s: g G ISp (M) i-> Ad m g o r) m o Ad m .g _1 G E(m) 

and set Go = {g G Is Po (M)|s(g) = T| m }. Then Is Po (M) acts on S(m) by g.J = 
Ad m g o J o Ad m g _1 and s(g>) = <?.T| m , and Go = Stabi Sp (M)(7]m)- In the same 
way, the subgroup H = Is Po (M) DG acts on S(M) and Go = Stab# (ri TO ). Then 
s(Is Po (M)) = Is Po (M) / Gp is a compact submanifold of S(m), and s(H) = H/Gq 
is a relatively compact (immersed) submanifolds of E(m). 

3.1.2 Second convenient hypothesis. 

An other convenient hypothesis on G is to consider that it is a closed subgroup 
of Is(M) (and not only an immersed subgroup). It is always possible to work 
with this hypothesis. Let us make precise this point. Let a Po be the symmetry 
of M around po (defined by a): a Po G Is(M), a Po {po) = pa and T po a Po = —Id. 
Then a PQ belongs to the isotropy subgroup Is Po (M) = {/ G Is(M); f(po) = Po}, 
and we can define the involution of Is(M): 

CTisfM) = Int(<r P0 ) : g G Is(M) h-> a Po o g o cr^ 1 G Is(M). 

It is easy to see that we have 

(Is(M) CTl *C M >)° C Is Po (M) C Is(M) <Tls < M > (14) 

(see [TO"} [2]L The result of this is that a: G — > G is the restriction of Ui s (Af) to 
G C Is(M ) (they induce er po on M = G/i? and the identity on H , thus, since 
G is locally isomorphic to M x H, they are identical, see also [Hi]). Moreover 
there exists an unique subgroup G of Diff(Af) such that for any G-invariant 
Riemannian metric b on M, the group G is the closure of G in Is(M, b): Is(M, 6) 
is closed in Diff(Af) and so the closure of G in Is(M, b) is its closure in Diff(M) 
and thus it does not depend on b (see [2] [10]). Then a extends in an unique way 
to an involutive morphism a : G — > G, which is the restriction of <Ji s (m) to G. 
Hence denoting by H the isotropy subgroup of G at po, H — Is Po (M) n G, we 
have according to lfl4|) . (G CT )° C C G". Besides tr gives rise to the symmetric 
decomposition LieG = Lieff m. 

In addition to that, we have H — H. Indeed, let U X Is Po (M) — > Is(M) be 
a local trivialisation of Is(M) — ► M, such that $(po, ^) = ^, and &(U x ^) = 
$([/ x Is Po (M)) n G (take $(p,h) = 4>{p).h, with U -> G a local section 
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such that <f>(po) = 1). Further, if g £ Is Po (M) n G and (g n ) is a sequence of 
G n $([/ x Is P0 (M)) such that g n — » g, then $ _1 (.g„) = (u n ,h n ) E U x H 
converges to ^~ 1 (g) = (po,g), thus h n — ► g so g G 5. 

Moreover, 5 is a closed subgroup of Is P0 (M), thus it is compact. Hence, we have 
the symmetric realisation M — G/H and Ad m (H) is compact: we have showed 
that the hypothesis "Ad m (-ff) relatively compact" and "Ad m (H) compact" give 
the same symmetric spaces. Moreover, by using the preceding reasoning (to 
prove H — H) it is easy to see that if Ad m (H ) is compact then G is closed in 
Is(M) (see also [10]) so that the hypothesis "Ad m (iJ) is compact" and "G is 
closed in Is(M)" are in fact equivalent. 

Besides, the closure of G is the same in Is(M) and in Is(M) with M = G/H°: 
since M and M are complete (a Riemannian homogeneous space is complete) 
then Is(M) and Is(M) are complete (see [lOj), and thus the closure of G in one 
of this group is the completed of G. 

Now, let us suppose that we have a locally 4-symmetric bundle over M. 

Theorem 8 Let us consider M a G-symmetric space with G C Is(M) and 
T: 9 ~ > an order four automorphism such that r 2 = a. Then the extension r 
o/t, given by theorem^ stabilizes the Lie algebra, LieG, of the closure of G in 
Is(M): 

r(LieG) = LieG. 

Then denoting by f := T| Lic( g the extension of r to LieG (given by theorem^, 
the subgroup fixed by f ( defined by (11)) ) is the closure of Go : 

G :={geH \ r, m o Ad m g o r^ 1 = Ad m3 } = G . 

Finally the new locally 4-symmetric bundle over M defined by f is G/Gq, and 
using the notation of remark Ub\ the fibre of G/Gq, Sq := s(H) = H /Go, is the 
closure of the fibre So of G/Gq, Sq = s(H) = (H/Gq), in the maximal fibre over 
M: So := s{Js P0 {M)) = Is po (M)/Gp_. 

Remark 11 In particular, if we suppose that we have an order four automor- 
phism t of G, such that r 2 = a, then since r is uniformly continuous, it extends 
into an order four automorphism f: G — > G (because Is(M) is complete) and 
obviously f 2 = a. 

The following theorem precises the link between the Lie algebra setting and the 
one of the Riemannian symmetric space M (first point of theorem [9]), which will 
allow us (in theorem [101) to translate the theorem [7| in terms of the setting of 
M, The two last points (of theorem [9]) characterize the "satisfying cases": any 
element in Aut(m) defines an automorphism in 3s(M) (an example of "unsat- 
isfactory" case is given by M = R 2n ~ r x T r , see section [4~2| . 

Theorem 9 Let us consider M a Riemannian symmetric space and M its uni- 
versal covering. 
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• The curvature operator (in M) is given by R Po (-,-) — — ad m ([-, -]|mxm) and 
thu^ 

Dcr(m) = JSp (M) D 3s Po (M) D Lie Hol(M) . 
Aut(m) D ls P0 (M) D Is po (M) D Hol(M) [ ' 

(using the identification T po M = m) and Der(m) © m = 3s(M). 

• Moreover the following statements are equivalent: 

(i) 3s Po (M) = 3s Po (M) (i.e. 2s(M) = 2s(M)J 

(ii) M = M' x Mo, with M' of the semisimple type (i.e. Is(M') is semisimple) 
and Mq is Euclidean. 

(Hi) f)o = so(mo), where [)o and mo are respectively the Euclidean part of 
3s Po (M) and m respectively, in the decomposition 3s(M) — g' ® go, with g 1 
semisimple and go of the Euclidean type. 

• Moreover the following statements are also equivalent: 
(i) 3s V0 {M) = Jfip (M) ©so(m ) 

(»)t)o = q 

(Hi) Let M = M' x Mo be the decomposition of M into the semisimple and Eu- 
clidean type, r the group of deck transformations of the covering ir: M — > M. 
Then the projection on the Euclidean factor (in Is(M) = Is(M') x Is(Afo) )ofT 
satisfies To — Z r with r — dim Mo so that Mo /To = T r . 

Further Aut(m) stabilizes 3s Po (M) if and only if one of the 6 previous state- 
ments holds i.e. if and only if 3s(M)/3s(M) — {0} or so(mo). Denoting by 
Aut(m)* the subgroup of Aut(m) which stabilizes 3s Po (M), then the maximal 
subalgebra of 3s Po {M) invariant by Aut(m) is 3s Po (M) if Aut(m) = Aut(m)* 
and f)' = 3s Po (M') if not. 

Let us consider M a G-symmetric space with G C Is(M) and r: g — > g an 
order four automorphism such that t 2 = a. 

Then the extension r of r, given by theorem [7] defines a maximal locally 4- 
symmetric bundle over M. Indeed let g be the maximal subalgebra of 3s(M) 
invariant by r, and G the subgroup of Is(M) generated by it. Then G is a 
closed subgroup of Is(M) acting symmetrically on M: since G is connected, 
it is invariant by <Ji s (m) ( an d it contains G) thus it acts symmetrically on M, 
then G is closed as an immediate consequence of the maximality and theorem [H 
Therefore, Ti g defines a maximal locally 4-symmetric bundle over M, with the 
realisation M = G_/H_. 

We can also define a minimal locally 4-symmetric bundle over M, by considering 
the subalgebra g' © mo (where g' is the semisimple part of 3s(M) and mo the 
Euclidean part of m) . 

Theorem 10 In conclusion, given any (even-dimensional) Riemannian sym- 
metric space M , to define over it a locally 4-symmetric bundle is equivalent to 
give ours elf Jo 6 S(T po M) which leaves invariant the curvature R Po : 

R p „(JoX,J Y) = J R po {X,Y)J^ VX,Y g T po M. 

12 Hol(M) is the holonomy group of M 
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Then the order four automorphism ofJs(M), t, defined by Jq, defines the max- 
imal locally ^-symmetric bundle over M, N_ — G/Gp with Gp = \q 6 H \ 
JogJo 1 = g}- Moreover, any locally 4-symmetric bundle over M is a subbundle 
of one such maximal bundle and to define such a subbundle N is equivalent to 
give ourself a Lie subgroup G C Is(M) acting symmetrically on M such that 
z(q) = AdJo(f)) = f). In this case, the closure N of N = G/Gq in the 
(unique) maximal locally 4-symmetric bundle over M containing N , N_, is also 
a locally 4-symmetric bundle over M and we have N = G/Gq, M — G/H . 

Proof of theorem \E\ We have to check that r(LieG) = LieG, i.e. according 
to the theorem El Intr m (Lie#) = UeH. Westill have IntT m (H°) = H°, thus 
Intr m (77°) = H°. It remains to verify that (H)° = H°. But this is simply the 
result of the fact that M := G/H° = G/W (_the_ closures in Is(M) and Is(M) 
are the same) is a discrete covering of M = G/H. Indeed (H)° is closed thus 
{H)° D H° and then we have 

M - G/W flbration ) G/{Hf ^= G/H = M 

and M covering > hence (H)°/H° is discrete but the two groups are connected 

((H) suffices) thus (H)° = H°. We have proved that r(LieG) = LieG. 

Using the notation of remark[lOl we have, since H is compact, s(H) = s(H), 
hence using the same method as for H, we can easily show that Go := s _1 (T| m )n 
H = Go and thus s(H) = H/Go. Finally, the new locally 4-symmetric space is 
G/Gq. This completes the proof. ■ 
Proof of theorem [9] For the first point see [10]. For the following points, see 
sections SJ] and 14.21 ■ 
Proof of theorem 1101 The first assertions are nothing but the translation of 
theorem [3 using theorem [9l Then, we have to prove that G/Gq is the closure 
N of N — G/Gq in G/Gp. Let nj : G — > G/Gp be the projection map, then 
we have irj (G) — G/Gp_ fl G = G/Gp (according to definition (flT|) ) and thus 
irj (G) C ttj q (G) = N but ttj q (G) = G/GpflG = G/Gp (according to definition 
ifTTj) and Gp = Go). Hence G/Gq C N. These are together subbundle (over 
M) of N_ and using a trivialisation of TV = G/Gp — » M (same reasoning as for 
H) it is easy to see that the fibre of N (over po) is H/Gq which implies that 
G/Gq = N. This completes the proof. ■ 

Remark 12 According to the definition (fTT]l . T] TO and — T\ m give rise to the 
same group Go. Moreover ri m = (T _1 )| m and in particular if t integrates in G 

then G T — G T . Besides (t^ 1 ) 2 = a -1 = a, hence r _1 defines the same locally 
4-symmetric bundle over M as r. Moreover, given any r m s S(m) fl Aut(m), 
then — r m e S(m) n Aut(m) and gives rise (according to theorem [7]) to the 
automorphism t _1 which gives rise to the same maximal locally 4-symmetric 
bundle over M and the same family of 4-symmetric subbundle over M. 

From now, we will always suppose that G is a closed subgroup of Is(M ) . The 
result of this is that the isotropy subgroup of G at the point po, H — Staba(po) 
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is compact and can be identified (via the adjoint representation on m, resp. 
via the linear isotropy representation) to a closed subgroup of O(m) (resp. of 
O(T P0 M)). Then according to theorem [TOl to study the case of non-closed 
subgroup of Is(M)° (or equivalently the non-closed locally 4-symmetric bundle 
over M), we have just to consider the non-closed subgroups of our closed group 
G, acting symmetrically on M, and whose Lie algebra is invariant by r. 

3.2 Twistor subbundle 

We give ourself a locally 4-symmetric bundle N = G/Gq (defined by an order 
four automorphism r and by (fTTj) ) over a symmetric space M = G/H. We 
will show that G/G is a subbundle of the twistor bundle T,(G/H) . Under the 
isomorphism between TM and [m] = {(g.po, Adg(£)), (em,j£ G}, T po M is 
identified to m: £ £ m i— » £.po £ T Po M is an isomorphism of vector spaces. Then 
to T| m £ E(m) (resp. to — T| OT = r,^ £ E(m)) corresponds Jo £ E(T PD M), and 

more generally to Adg o t) to o Ad<7 _1 £ E(Adg(m)) (resp. Adg a r,^ o Adg -1 ) 
corresponds gJog^ 1 £ E(T g . Po M). Thus we have defined a map 

Pj - G — ► E(M) 
5 1 — ► ffJo.9 1 

which according to the definition ifTTjl of Go gives rise under quotient to the 
injective map: 

i: G/Gq — ► E(M) 
g.G i — > gJog' 1 ■ 

Moreover, i is an embedding. Indeed, G acts smoothly on the manifolds E(M) 
and so the map jgGh gJog 1 £ E(M) is of constant rank. Thus i : G/Gq — > 
E(M) is an injective map of constant rank and so it is an injective immersion. 
We can add that i : G/Stabc(Jo) — * G.Jo is an homeomorphism if the orbit G.Jo 
is locally closed in E(M) (see [5]). We will show directly that z(G/Go) = G.Jo 
is a subbundle of E(M). 

First, let us precise the fibration G/Gq — > G/i? . We have the isomorphism 
of bundle: G/Gq = G Xjj H/Gq. In particular, the fibre type of G/Gq is 
H/Gq. Besides i is a morphism of bundle (over M). Since i is also an injective 
immersion, we can identify the fibres of G/Go and i(G/Go) respectively over 
the point g.po £ M. The fibre of i(G/Go) over p = g.po is gSog -1 where 
So = Int(/J)( J ) £ E(T po M) is the fibre over p El 

Now let us show that i(G/G ) is a subbundle of E(M), Let a: U C G//J G 
be a local section of the fibration tth ■ G ^ G/H. Then we have the following 
trivialisation of E(t/): 

$: (p, J) £ £/ x E(T po M) ^ (p, a(p) Ja(p)- 1 ) £ E(C/) 

13 we remark that H C O(T P0 M), G C U(T P0 M,J ) and 5 = H/G is a compact sub- 
manifold of S(T P0 Af). 
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and we have &(U x S ) = U M x (<Kp)<SW(p) -1 ) = i(G/G ) n E(£7). Thus 

i(G/Go) is a subbundle of S(M), hence j is an embedding. 
Let us recapitulate what precedes: 

Theorem 11 The map 

i: G/G — ► E(M) 
g.G i — ► gJog~ l ■ 

is an embedding and a morphism of bundle from G/Go into E(M). Besides the 
fibre of i{G / Gq) over the point p — g.po is gSog , with So = lnt(H)(J Q ) and 
Jo G E(T po M) corresponding to T| m G E(m) (resp. to r^ 1 J . 

Remark 13 Given one order four automorphism, we have two different ways 
to embed G/Go into E(M) by Jo = ±T] W . The two submanifolds ij a (G/Go) 
and i-,j (G / Gq) are isomorphic by J ^ — J. These are identical if and only 
if if contains an element which anticommutes with Jo. If dimM = 2 mod 4 
then they lie in different connected components of the twistor space (one in 
E + (M) and the other one in E~(M)). In theorem[4]we use — ri m to respect the 
convention: a_i is an (l,0)-form. 

Remark 14 If we consider a locally 4-symmetric bundle N = G/Gq over M, 
with Go not defined by ifTTj) . then i is not injective in general: to obtain an 
injective map i, we must consider the locally 4-symmetric space G/n] < 1 (G' ) = 
(G/K)/G' where K = ker Ad m and G' Q is the subgroup of H' = H/K defined 
by (fTTj) . In particular, we see that in general a 4-symmetric space G/Gq is not 
a submanifold of a twistor space (see section [5]). Moreover, we can see the aim 
of our definition ifTTj) (and in particular of our convention Go = G T R H) : it is 
to obtain an injective map i. 

Remark 15 For any covering 7r: G — > G, G acting symmetrically on M, we 
have pj (G) = pj (G) = ij (G/Go) : the locally 4-symmetric subbundle of 
E(M), ij a (G/Go) does not depend on the choice of the group G (we have chosen 
for G, the subgroup of Is(M) generated by g). 

Moreover, pj a (G) = ij (N_) is a maximal locally 4-symmetric subbundle in 
E(M), Now, suppose that we work with a non-closed subgroup G' C ls(M), 
then p./ (G') = ij (G'/G' ) is an immersed subbundle in E(M): $([/ x 5 ) 
L {p} x (a(p)S[ ) a(p)- 1 ) = i(G'/G )nE(f/) but the fibre S' p = a{p)S' a{p)- 1 is 

only a (non-closed relatively compact) immersed submanifold in E(T p M). And 
since ij is an embedding (from N_ into E(M)) we have ij (G'/G ) = ij (N') = 
ij (N'). In others words, taking the closure of G' in Is(M) is equivalent to take 
the closure of N' in N_ according to theorem [10] which is equivalent to take the 
closure of ij (N') in ij (PQ. 
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Remark 16 The maximal locally 4-symmetric bundles N_ are disjoint : these 
are orbits in S(M). More precisely these are suborbits of Is(M) -orbits in 
the form G ■ J in E(M) n Aut(M) with Aut(M) = LUmM x Aut(T p M) 
(see Sections 14.11 and l4~2|) . In particular, £(M) D Aut(M) is the disjoint union 
of all the maximal locally 4-symmetric bundles over M. Moreover, the set 
of maximal locally 4-symmetric bundles over M, J\f(M), contains the subset 
M*(M) of elements which are Is(M)°-orbits, i.e. elements pj (ls(M)°) with 
Jo e S(m)nAut*(m) : Af*(M) = (S(M) D Aut*(M))/Is(M)° C E(M)/Is(M)°. 

Remark 17 The Riemannian manifold M — G/H is orientable if and only 
if Ad m H C SO (m) (or equivalently H C SO(T Po M)). Besides T| m 6 £ £ (m), 
and to fix ideas, let us suppose that e = 1. Then, if M is orientable, i is an 
embedding from G/Go into £ + (M). Moreover, if we work with M — G/H°, we 
are sure that H° C SO(T pa M). Hence, if we work with what we called the first 
possibility (see section l3.1.1j) . i takes values in E + (M). In other words, given a 
locally 4-symmetric bundle over M, the corresponding 4-symmetric bundle over 
its universal covering M (see remark [7j) is embedded in X + (Af). 
Let us consider more generally any covering 7r: M — > M then it induces the 
covering 7T£ : S(M) — > E(M) which is also a morphism of bundle over 7r: M — > 
M. It is defined by 

: Ji e E(T S M) ^ 1-7T o J £ o (T^tt)- 1 G S(T x M). 

Now, let us suppose that n comes from a covering n: G —> G and that we 
have M = G/H, M — G/H° (symmetric realisation) with H = 7r _1 (ff) and 
G c Is(M), G c Is(M) (see section [3TTTT]) . Then we have 

T £ tt o {gJpag^ 1 ) o (T^tt)" 1 = gJ Vo g~ x 

with a; = .g.po, 5 = Hence the restriction of 7T£ to G/Gq gives rise to the 

morphism of bundle l|12|P^I . Moreovei0 

S a = Int(iT)(J ) = (J hSoh- 1 

heH/H° 

with, since H° C SO{T po M), S C E+(T po M). Further if 7J C O(T P0 M) is not 
included in SO(T po M) (i.e. M is not orientable), then we have 

7Ts(E+(M)) = £(M). 

Remark 18 Let us see what happens when we change M, in theorem [H Let 
G be a covering of G, acting symmetrically on a covering M of M, n : M — > A/, 
with G C Is(M). Then according to remark [171 we have 7rs o ij- a — ij po o tt , 

14 i.e. 7r E o j J;;o = i Jpg o 7ro, where 7ro : G/Go — » G/Go is given by {T2j) . 

15 In fact, hSoh -1 means obviously T^,,j, 7r o (hSoh^ 1 ) o T^, po 7r _1 . 7rj] allows to consider 
the fibres S(T 5 M) as included in the fibre T,{T X M), with x = tt(x). 
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with ttq : G/Gq — > G/Gq the morphism of bundle (over n: M — ► M) given by 
(|12p. Then given any solution a of the (q, r)-system ([6]), let us integrate it in 
G and G respectively, U : L -> G, U : L -> G with t/(0) = 1, C/(0) = 1 (0 is^a 
reference point in L), we have 7ro{/ = U. Then let us project these lifts in G/Gq 
and G/Gq respectively: we obtain the geometric solutions J : L — > G/G and 
J: L — > G/Gq respectively and we have ttq o J = J. Then let us embed these 
into the twistor spaces S(M) and E(M) to obtain the admissible twistor lifts 
J x : L — > ij o (G/Go) and Jx : i — > ij {G/Gq) respectively which are related by 
7Ts o = Jx, and in particular 7r o X = X. 

4 Splitting of M into the 3 types of symmetric 
spaces 

In the following theorems and corollaries, we study the behaviour of the auto- 
morphism t with respect to the de Rham decomposition of M. 

Theorem 12 [10}|2] Let M be a simply connected Riemannian symmetric space. 
Then M is a product 

M = M x M_ x M+ 

where Mq is an Euclidean space, M_ and M+ are Riemannian symmetric spaces 
of the compact and non- compact types respectively. In particular 

M = M x M' 

where M' has a group of isometrics G — Is(M') semisimple and its isotropy 
subgroup at po £ M' , H, (which is connected because M' is simply connected) 
is equal to the holonomy group of M' . Hence a Riemannian symmetric space 
M of which the isometry group is semisimple (which is equivalent to say that 
its universal covering has not Euclidean factor, or equivalently the Lie alge- 
bra of G does not contain non-trivial abelian ideal, i.e. its Killing form is 
non-degenerated) has a unique symmetric realisation G/H, with G acting ef- 
fectively. In this unique realisation, we have necessarily G = Is(M)° and 
H = Js° po (M) := Is po (M) H Is(M)°(D Is Po (M)°). Further the Lie algebra 
3s Po (M) = Der(m) = #ol(M) is spanned by [m,m] = {R Po (X, Y), X,Y S 
T P0 (M)}. 

Moreover the universal covering of such a Riemannian symmetric space M , ad- 
mits a decomposition into a product of irreducible Riemannian symmetric spaces 
(i.e with linear isotropy representations which are irreducible) 

M = Mi X • • • X M r . 



as usual, we suppose that G is connected 
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Theorem 13 Let us consider the decomposition of (g, a) into the sum of orthog- 
onal (for the Killing form) ideals of the compact, non- compact and Euclidean 
types respectively: 

= [ © L © 1+ 

and let l a = \) a © m a be the eigenspace decomposition of the involution <j\i a . 
Suppose now that we have an order four automorphism r: g — ► g with r 2 = a. 
Then r([ a ) = la, T~(t) a ) — t) a , T(m Q ) — m a for a = 0,—,+. Hence r m = 
® a Tm a , with T ma G S(m Q ), and tu is the automorphism of l a defined by r ma 
according to theorem^ and we have — &\i a - Moreover, we have Aut(m) = 
n Q Aut(m Q ). 

Corollary 1 Let M be a G-symmetric space, G C Is(M) and r: g — > g an 
order four automorphism with t 2 = a. Let M be its universal covering, which 
has a symmetric realisation M = G/H°, with it: G — > G a covering of G, 
H = 7r _1 (iJ) and G C ls(M), such that t integrates into f : G — > G. Then 
the decomposition of g into 3 ideals of different types gives rise to the following 
decomposition ofG: 

G = Lq x L_ x L + 

which induces the following decompositions of H° and Go = H fl G T , corre- 
sponding also to the decompositions f) = (5 a fya and go — © a (go)a- 

H a = H x H- x H+ (16) 
Go = (G )o x (Go)- x (G )+. (17) 

Hence M = M x M_ x M + and N = N a x N- x N + with M a = L a /H a , 
N a = L a /(Go) a . Besides a and f admit the decompositions a = Y[ a ®a o,nd 
f = l\ a f a , and H a = (L a a )° , {G ) a — H a n L^ a = (L a ) . Moreover N a is a 
4- symmetric bundle over M a . 

Theorem 14 Let us consider the decomposition of (g, a) into the sum of or- 
thogonal (for the Killing form) ideals: 

= ®r=o0; (is) 

with go abelian and (0i,cn gi ) irreducible, and let Qi — t)i © rrii be the eigenspace 
decomposition of a\ 3i . Suppose now that we have an order four automorphism 
t: — * such that r 2 = a. 
There exists an unique decomposition of g: 

= 0o © (©iiifl'i) (19) 

where g[ — gi or g[ = g, © gj with (Qi,(T\ Bi ) and (3j,cr\ s ) isomorphic, such 
that r(g' i ) = g^. Besides if g[ = \)[ © is the eigenspace decomposition of 
crig/, then r(Ej-) = \)[, r(m-) = m-. Moreover if g\ = g { © g 3 then r(g l ) = g j} 
r(f)i) = r(mj) = xx\j. Hence r m = ffi- =0 r m j with T m >. <E E(r TO j), and T| fl j 
is the automorphism of g[ defined by r ra ' according to theorem [3 and we have 
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Corollary 2 Let M be a G-symmetric space, G C Is(M) and t: g — > g an 
order four automorphism with t 2 = a. Let M be its universal covering, which 
has a symmetric realisation M — G/H°, with ir: G — > G a covering of G, 
H = 7r _1 (i7) and G C Is(M), such that r integrates into f: G — > G. Then the 
decomposition of a. U8\) . gives rise to the following decomposition ofG: 

G = L x L\ x • • • x L r 

which induces the following decomposition of H° , corresponding also to the de- 
composition f) = (Bi—ofy: 

H a = H Q xH 1 x---xH r . 

Then a admits the decomposition a = Yii=o ^» ( with involution of Li ) and 
H L = (L^ 1 ) . Moreover there exists an unique decomposition ofG: 

G = L' Q x L[ x • • • x L' r , (20) 

where L\ = Lj or L\ = L- L x Lj with (Li,&i) and (Lj,dj) isomorphic. Then t 

admits the decomposition f — Yii=o % with t[ order four automorphism of L'i . 
Further, by identifying {Li,di) and (Lj,dj) (when L[ = Li x Lj), then in fgflp . 
we have either L' = Li and then t[ = r% is an order four automorphism of L t 
so that {L'iYi — {Li) Ti , or L[ = L t x Li and then 

fl : (a, b) e Li x L t ^ (<Ti(b),a) E Li x Li 

so that (Ltf* = A(H t ) C Hi x Hi. Hence M = M X M, x •■• x M r with 
Mi = Li/ Hi, and N = N^x N[ x • ■ ■ x N' r , where either N[ = N t = L l /(L i ) is 
a 4-symmetric bundle over Mi, or = Li x Li/A(Hi) is a ^-symmetric bundle 
over M t x Mi = L t x Li/ Hi x H l (and the fibre H t x Hi/A(Hi) ~ H t is a group). 

Proofs of theorems I13U14I and corollaries [IJ2] Use the fact that r m leaves 
invariant the metric in m and the restriction to m of the Killing form. ■ 

4.1 The semisimple case 

Definition 7 We will say that the Riemannian symmetric space M is of semisim- 
ple type ifls(M) is semisimple. 

Theorem 15 If M is of semisimple type then each (connected) locally 4-symmetric 
bundle over M is maximal and in the form N_ — Is(M) /Go, i.e. is an Is(Af) - 
orbit in S(M) n Aut(M). In other words the set of locally 4-symmetric bundles 
over M is J\f(M) = (S(M) n Aut(M))/Is(M)° C S(M)/Is(M)°. 

Remark 19 The "size" of a maximal (locally) 4-symmetric bundle over M in 
the twistor bundle S(M) depends on the "size" of the isotropy subgroup Is Po (M) 
and on Jo G S(T po M). In other words, if we want a fibre So C S(T po M) of 
maximal dimension, we must find Jo € T,(T Pa M) n Aut(T po Af) D E(T po M) n 
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ls P0 (M) such that T Jo So = £2(^0) := {-4 £ 3s Po (M) \ AJ + J A = 0} is 
of maximal dimension, or equivalently such that flo(-^o) = £ 3s Po (M) 
AJq — JqA = 0} is of minimal dimension. 

Remark 20 It is possible that there exist different non-isomorphic locally 
4-symmetric bundles over M (see section 15, 3|) , And it is also possible that 
there does not exist any locally 4-symmetric bundle over M. For example: 
M = 5 1 x 5 3 , then Is(M) = SO(2) x 50(4) and Is Po (M) = 50(3), and there 
does not exist J G £(R 4 ) such that J 5O(3) J' 1 = 50(3). 

Moreover we have the following obvious theorem (see also [ 1 lj ) : 

Theorem 16 Let {2, a) be an orthogonal symmetric Lie algebra. Then set 2* = 
(} © im and a* = Idf, © — ldi m . Then (g*,cr*) is an orthogonal symmetric Lie 
algebra. J/(0,cr) is of the compact type then (g*,cr*) is of the non-compact type 
and conversely. Now, for r m G End(m), set : iv € im 1— ► ir m (v). Then 

r m g Aut(m) -4=> r* t G Aut(zm) 

and r m G S(m) j/ and on/?/ i/r^ G E(im). Jn case (r m G Aut(m) nS(m) J Zei 
t (resp. t* ) be the automorphism of 2 (resp. 2*) defined by r m (resp. t^) and 
denoting by A c G End(V c ) the extension to V c of A € End(V) (V real vector 
space) then we have 

c *c * C 

T = T I.e. T = T| fl , 

Theorem 17 Let M be an irreducible symmetric spaces of type 11 (compact 
type) or type IV (non-compact type) then there does not exist any (non-trivial) 
locally 4-symmetric bundle over M . Equivalently Aut(M)n£(M) = 0, in other 
words, there does not exist any automorphism t of 3s(M) such that r 2 = a. 

Proof. By duality, it is enough to prove the assertion for the compact type. 
In this case let M be the universal covering of M, we have M = H x H/A(H) 
and a: (a,b) G G x G t— > (b,a). Then an automorphism r: g — > g must send 
01 = f) (B {0} either on 21 or on g 2 = {0} © f) and idem for g 2 , and thus for 
any automorphism we have T 2 (jji) = 2i and hence we cannot have r 2 = a. This 
completes the proof. ■ 

4.2 The Euclidean case 

Theorem 18 Let M = R 2 ™ with its canonical inner product. Then Is(M) = 
0(2n) x R 2n £/ie group of affine isometrics in R 2n . Hence for any po G R 2n , 
we have ls Po (M) = {(F, (Id - F)p ),F G 0(2n)} ~ 0(2n). In particular for 
pa = 0, ISp (M) = 0(2n). T/ihs we /ia«e Vp S R 2n , Is(M) = Is Po (M) k R 2n . 
Further M — GjFL is a symmetric realisation with G acting effectively if and 
only ifG = HixR 2n with H C Is po (R 2 ™) for some p a G R 2n . Then we have G = 
Hq k R 2n with Hq = pro(2n)(^) C 0(2n). The involution for this realisation is 

a = Int(-Id, 2p ) : (/i,i)?Gh (/i, 2 (Id - h)p a - x) 
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giving rise to the symmetry around pq: <tq : x G R 2n i— » — (x — po) + po G R 2n . 
Let us fix po — 0, so that for any symmetric realisation we have H C ls Po (M) = 
0(2n) and cr = Int(-Id, 0). 

All (connected) locally 4-symmetric bundles over M are globally 4-symmetric 
bundles over M. The twistor bundle, £(R 2 ™) x R 2 ™, is a globally 4-symmetric 
bundle over M. All the (connected) 4-symmetric bundles over R 2n are in 
the form: So x R 2n where So is a compact Riemannian symmetric space em- 
bedded in £ £ (R 2n ). Besides knt{T po M) = Is Po (M) = 0(2n) so that any 
Jo G £(R 2n ) defines the maximal 4-symmetric bundle £(R 2 ™) xR 2 " = (0(2n) K 
R 2n )/[/(R 2n ,J ). 

Theorem 19 Let M be an Euclidean Riemannian symmetric space (i.e. its 
universal covering is an Euclidean space R 2n ). Then M = R 2p © T 2q , Is(M) = 
0(2p) x (&2q ® {±1}) x M (&2q is the group of permutations) and denot- 
ing by it: R 2n — > M the universal covering, and po = tt(0), then Is po (M) = 
0(2p) x [& 2q «) {±1}). Moreover Aut(R 2 ") = 0{2n), and J S £(R 2 ") defines 
the (connected) maximal 4-symmetric bundle over M : (T,(E 21 ) x { Jo| B 2i-L }) x M, 

where E 21 is the (unique) maximal subspace in M. 2p invariant by Jo- In partic- 
ular, Aut*(M) n E(M) = E(R 2 p) x E(K 2 ?) x M. 

Proof. Let tt : G — > G be a covering of G — Is(Af) acting symmetrically and 
effectively on M = M. 2n and a: G — > G the corresponding involution. Then 
setting H = (G CT )°, we have according to the previous theorem G = H x M. 2n 
and H C SO(2n). Then setting D = kern, D is a discrete central subgroup 
of G. Besides it is easy to see that Cent(G) = Cent(if x R 2n ) = R 2 i where 
R 2q is the maximal subspace of R 2 ™ fixed by H, i.e. H C SO{2p) x {Id 2 J 
(2p+2q = 2n). Hence D = ® r l=l 1e t with (e l )i< t < r R-free so that G = Is(M)° = 
G/D = Hk M' with M' = R 2p © R 2q - r © R r /Z r . Moreover we have a : (h, x) € 
H x M ' — * (h, —x) because a = Int(— Id, 0) (see the previous theorem) and thus 
G a = H but the isotropy subgroup of G at po satisfies H D n(H) (because H 
is connected), but tt(H) = H (D n H = {1}) and thus H = H. Thus M = 
G/H = M'. Now, we have to compute Is(M), we know that Is(M)° = H x M C 
SO(2p) x M. In the other hand, any g € Is(M) can be lifted into g G 0(2n) x 
R 2n , and conversely g £ 0(2n) x R 2 ™ corresponds to some g G Is(M) if and only 
if 3(D) = D which is equivalent to g G [0(2p+2(7-r)x(GL r (Z)nO(R r ))]xR 2 " = 
[0(2p + 2q - r) x (6 r x {±Id})] x R 2 ™. Hence Is Po (M)° = SO(2p + 2q - r) 
and thus r = 2q. Finally M = R 2p © T 2 «, Is(M) = 0(2p) x (6 r x {±Id}) x M, 
ls P0 (M) = 0(2p) x (S r x {±Id}), and Is Po (M)° = H = SO(2p). We conclude by 
remarking that J G S(R 2n ) satisfies JqHJ^ 1 = H for H C SO{2p) connected 
and maximal if and only if H = SO{E 21 ) and J G S(S 2i ) x E^ 2 ^). This 
completes the proof. ■ 

Remark 21 We can use the second elliptic integrable system in the Euclidean 
case to "modelize" this system in the general case. Indeed, let us consider M a 

17 only immersed if H is not closed in 0(2n) 
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Riemannian symmetric space of the semisimple type (then its isotropy subgroup 
H = Is po (M) is essentially its holonomy group, i.e. they have the same identity 
component) with r : q — > g an order four automorphism such that r 2 = a. Then 
we can associate to the corresponding locally 4-symmetric bundle N over M, 
the 4-symmetric bundle over M = m = H txm/H : = i? x m/Go = So x m C 
E(m) x m, and to the second elliptic integrable system in N, its "linearized" 
in A*o. We conjecture that the "concrete" geometrical interpretation (i.e. in 
terms of the second fundamental form of the surface X etc..) is the same for 
the linearized and the initial system. This is what happens in dimension 4. 

Remark 22 The second elliptic integrable system can be viewed as "a cou- 
plage" between the harmonic map equation in So — H/Gq and a kind of Dirac 
equation in d s ui + [uq,Ui] + [ui,U2] = 0. In the Euclidean case, the pro- 
jection on the "group part", g — f) x m — » f), of the second elliptic system is 
only the harmonic map equation in H/Gq. In other words, the second elliptic 
integrable system is only the harmonic map equation in H/Gq and a kind of 
Dirac equation in C™ (= (g-i, Jo))- In particular, if we apply any method of 
integrable systems theory using loop groups (DPW, Dressing action etc..) or 
something else (spectral curves) to the second elliptic system in G/Gq and then 
project in the group part (pr : H x m — > H), we obtain the same method applied 
to the first elliptic integrable system in H/Gq i.e. the harmonic map equation in 
H/Gq. For example, if we apply the DPW method: given /i = (/j,f, , /j, m ) a holo- 
morphic potential, we have pr(W G / Go (/•*)) = Wff/G (/■«&) where W G/Go , W H / Go 
are the Weierstrass representations for each elliptic system. Hence to solve the 
second elliptic system, we can first solve the harmonic map equation in H/Gq, 
by using any method of integrable systems theory which gives us a lift h in H 
of a harmonic map in H/Gq, and then we have to solve the Dirac equation with 
parameters uq,U2 given by the lift : h~ 1 d z h = Uq + it2 following f) = 0o © 02 
(see [12]). However, the Dirac equation is not intrinsic since it depends on the 
lift h of the harmonic map (see [12]). 

In the particular case where So is a group and H — Gq x So, (for example 
So = Go x Go/Go), then we have a canonical lift and then the Dirac equation 
becomes intrinsic (see [12]). It is in particular what happens for Hamiltonian 
stationary Lagrangian surfaces : in C 2 we have an intrinsic Dirac equation 
whereas in the others Hermitian symmetric spaces this equation does not exist 
(see [3 [HI [9]) - It is also what happens in [12] when we take for So the subsphere 
S 3 C S 6 (S e embeds in S+(M 8 ) by the left multiplication in ©). 

5 Examples of 4-symmetric bundles 

We use the notations of section 13.11 
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5.1 The sphere 

Let us consider M = S 2n = SO(2n + l)/SO(2n) with G = SO(2n + 1), H = 
SO(2n) and the involution a = Int(diag(Id 2 „, -1)). Then G a = SO{2n) (j 0~ (2n) x 
{-1}. Hence H = (H")°, M min = MP 2 " and M max = S 2n ^ We have also 

&=*>(2n), m ={(_° u t o) > weR2 "} =W"),"GI 2 "} 

where i m : R 2 ™ — > m is defined in an obvious way. Now, let us consider the 
action of H on m: for h G SO(2n), £ = i m (v) G m, we have 

Ad m h(£) = i m {h.v) 

hence = ker Ad m = {Id} and the action of G is effective (in fact SO(2n + 1) 
is simple because 2n + 1 is odd). Identifying m with R 2n via i m we have: Vft G 
SO(2n), Ad m h = h i.e. Ad m = Id. Moreover SO(2n+ 1) is the connected isom- 
etry group of S 2n . Now, according to theorem [7j define a locally 4-symmetric 
bundle over M — S 2n is equivalent to give ourself r m G S(m) (~l Aut(m) = S(m). 
Further, given J G E e (K 2 ™), let us define the order four automorphism of G: 
t = Int(diag(— J , 1)). Then r 2 = a and since t h = IntJ and T| TO = Jo, 
we obtain all the locally 4-symmetric bundles over M which are all globally 
4-symmetric bundles over M . 

Moreover, we have G T = Com( J a )nSO(2n) = U(R 2n , J ), Hence G T = (G r )° = 
Go thus S a = H/G = lnt{SO(2n))(J ) = S e (R 2 ") and thus N = G/G = 
S e (5 2 ™). 



5.2 Real Grassmannian 

More generally, let p,q G N* such that pq is even and let us consider M = 
SO(p + q)/SO{p) x SO(q) = Gr p (W+i) (oriented p-planes in W+i). Since p 
and q play symmetric roles, we will suppose that p is even and that it has the 
biggest divisor in the form 2 r . We have dim M = pq and the following setting 

G = SO(p + q), H = SO(p) x SO(q); a = Int(diag(Id p , -Id,)) and 
G° = SO(p)xSO(q)\jO-(p)xO-(q). 

Then H = (G a )° so that M min = Gr*{W+i) (non-oriented p-planes in 

and M max = Gr p (RP+«) = M. Besides t) = so(p)©so(g), and m = | ( ^ jjJ.Be flfp, 9 (R) 

i m (f|L g (M)) (i m defined in an obvious way). 

Now let us compute Ad m . For h — diag(A, G) and £ = i m (B), we have: 

Ad m fc(0 = z m (ABG- 1 ). 

Under the identification z m we have Ad m (A, C) = LaRc- 1 — by in- 

troducing the morphism X - (AC) G GL P {R) x GL q (R) ^ L(A)i?(G" 1 ) G 

ls M max is simply connected and M m i„ is the adjoint space. 
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GL(gl pq (R)). Hence K = ker Ad m = {±Id} if q is even and K = {Id} if not. 
Thus the connected isometry group of M, ls(M)°, is G' = G/K = PSO(p + q) 
if q is even and G' = G = SO(p + q) if not. Let us compute Aut(m): we 
already know that Aut(m) D H D Aut(m) . But, it is well known that the 
automorphisms of so(n + l) are all inner automorphisms by 0(n + l) so we have 
Aut(m) = {L A R c -i,(A, C) e 0(p) x 0(q)}. Thus J = L( J 1 )i?(J 2 " 1 ) e Aut(m) 
is in S(tn) if and only if : 

/ (Ji,J$) = ±(-Idp,Id g ) if q is even, 
I (J?,Jl) = (-Hp, Id,) if q is odd. 

Then the associated order four automorphism is r = Int(diag( J\, h))- In partic- 
ular, t{H) — if and th = Int J\ xlnt J 2 . Besides, Aut(m)nS(m) has respectively 
2{p + q + 2) or 2(q+l) connected components if q is even or q is odd respectively. 
Each connected component is an Ad m ff-orbit and corresponds to the fibre of a 
different maximal 4-symmetric bundle over M . 

Moreover to fix ideas let us suppose that we have Ji e £(R P ), J2 e OS(M. q ), 
the set of orthogonal symmetries in R 9 , then G T = U{W, Ji) x S , (0(£'i) x 
0(£ 2 )) with Si = ker(J 2 - Id), £ 2 = ker(J 2 + Id). We have G T C if. Let 
OS r (W) — Int(50(g))(Id r , — Id g _ r ) be the set of orthogonal symmetries in K 9 
with dim^i = r. Then H/G T = lnt{H){J u J 2 ) = S £ (RP) x OS-^R 9 ) (e being 
determined by Ji) and 

G/G T = {(x, J), x £ M, J e S £ (a;) x OS^)}. (21) 

Now let us compute Go according to ([TT]) : /i = (A, C) G if is in Go if and only 
if Ad m r(/i) = Ad m h i.e.: if q is odd, r(h) = h, and G = G r n if = G r ; if 

g is even, r(/i) = ±h (and G = ^(Gq) with G' = G' T ' n if'), i.e. h e G T 
or r(/i) = — /i. The existence of solutions of this last equation depends on p, q 
and r (we remark that if hi is a solution then the set of solutions is h\G T ). 
One finds that the equation r(h) = —h (q is even) has a solution in G CT if and 
only if dimEi = dimf? 2 = q/2 and that this solution is in if if p/2 is even and 
in 0~(p) x 0~(q) (the other component of G CT ) if p/2 is odd. Hence, if p is 
divisible by 4, g is even and r = q/2 (i.e. J £ x(S(R p ) x OS^^R 9 ))), we have 
Go = G T |J h\G T . In all the other cases we have Go = G T . 
In conclusion, let us denote by N L (r,e) := N(Jo) (resp. N R (r,e)) the maximal 
4-symmetric bundle over M corresponding to Jo 6 x(^ £ (^ p ) x OS r (M q )) (resp. 
X (OS r (RP) x S7(R«)). Then: 

if p is not divisible by 4 or q is odd, N a (r, e) is given by (|2T|) . for all (a, r, e), 

if p is divisible by 4, g even not divisible by 4 then for (a, r) ^ (L, q/2), N a (r, e) 
is given by ([2T]l and for (a, r) = (L, q/2) it is given by ([22|l . below, 

if p and g are divisible by 4, then for (a, r) £ {(L, q/2), (R, p/2)}, N a (r,e) is 
given by (|22|) . and for the other choices it is given by (|2"Tj) . 

A^ L (r, £ ) = {(i.jj.jeJiyePp^xO^ 1 ))} 

JV fl (r,e) = {(a;,J),a;eAf,JeP(OS' r (a;)xS £ (a;- L ))} 1 j 



35 



where P(Z £ (x) x OS^ar 1 )) = x OS r (x ± )/{±ld}. In the cases described 

by d22j), G/G T is not a submanifold of S(M). 

5.3 Complex Grassmannian 

Let us consider M = SU(p + q)/S(U(p) x U{q)) = Gr p x(C p + 9 ). We have 
dim M = 2pq and the following setting 

G = SU(p + q), H = S(U{p) x U(q)); a = Int(diag(Id p , -Id ? )) and 
G CT = H = (G CT )°. 

Besides f) = s(u(p)©u(g)) and m = | f ^» ^j,Bs 0[ p , g (C) j = i m (fl[ p , 9 (C)). 
Let us compute Ad m . For h = diag(^4, C) and £ = i m (B), we have: 

Ad m ft(0 = imiABC- 1 ). 

Under the identification z m we have Ad m (A, C) = LaRc- 1 — x(A,C), by in- 
troducing the morphism X - (AC) G GL p {C) x Gi,(C) h-> L{A)R{C- 1 ) G 
GL(fl^, i9 (C)fE Hence X = kerAd m = {(AId p , AId 9 ), A G C, A^ = 1} = 
[> p+9 Id ~ Z p+9 (with U p+q = exp(||^Z)). Thus G" = G/if = P5l/(p + g) and 

H' = S(U(p) x U(q))/U p+q ~ S(U(p) x U(q)). The connected isometry group 
is the unitary group of M: Is(M)° = J7(M) = G' = PSU(p + q). 
It is well known that the group of automorphisms of SU (p + q) has two compo- 
nents (the C-linear one and the anti-C-linear one) and is generated by the inner 
automorphisms and the complex conjugation: g G SU (p + q) i— > g £ SU (p + q). 
In particular, Aut(m) = Ad m H X {Id, c} = X (S(U(p) x U{q)) ■ {(Id, Id), (b p , b q )}) 
with c = i(6 p )i?(6- 1 ) : B G flIp,,(C) h-» B G 0t p , 9 (C), 6„ : « £ C" h-» w G C". 
The complex structure in m = g[ p g (C) is defined by L(I p ) — R{I q ) where 
/„ = ild„ is the canonical complex structure in C™, and the two connected 
components of Aut(m) are respectively the elements in Aut(m) which commute 
and those which anticommute with this complex structure. 
Moreover, J = £(Ji)B(J 2 _1 ) G Aut(m) = Ad m B is in S(m) if and only if 
[Jl, Jf) G (-Id p ,Id g )[/(l). Then let us set S A = {(J u J 2 ) G U(p) x U{q) 
(J 2 , Jf) = A(-Id p ,Id 9 )}. Then we have x(£ A ) = x(Eo) for all A G U[l) since 
Sa = A2E0 with A 2 a root of A. Thus according to the following lemma, 
Aut(m) (~i S(m) has (p + l)(q + 1) connected components, which are Ad m B- 
orbits and correspond to the fibres of different maximal 4-symmetric bundles 
over M, 

Lemma 1 Let J G U(n), then J 2 = —Id (resp. J 2 — Id) if and only if there 
exists h G U(n) such that hJh^ 1 = diag(ildj, — ild„_;) for some I G {0, . . . ,n} 
(resp. hJhr 1 = diag(Id r , — Id„_ r ) for some r G {0, . . . , n}). 

19 For the following it useful to keep in mind that we have Ad m H = x(S{U(p) x U(q))) = 
x{U{p) x U{q)) and ker X = C*Id. 
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Then the order four automorphism corresponding to Jo is t = Int(diag(Ji, J2)), 
witl@ Ji e AdU(p)(%k tP -i) = zGr ; , c (0>), J 2 G Ad*7(g)(L,, 8 _ r ) £* Gr PlC (C«). 
Hence G T — S(U(l) xU(p—l)x U(r) xU(q — r)); the fibre of the 4-symmetric 
space G/G T is H/G T = GrL C (C p ) x Gry, c (C«), and 

G/G T = {(x, J), z e Gr p , c (C p+9 ), J G Gr,, c (x) x Grv.c^)}. (23) 

Further, G is defined by: Ad m r(/i) — h,h e H, i.e. (JiATf 1 , JiCJ^ x ) = 
A(A, G) for some A € if. But it is easy to see that we must have A 2 = 1 
and thus r{K) = ±h. One finds that r(h) = —h has solutions if and only if 
p, q are even and I — p/2, r = q/2. Finally, in the C-linear case, the maximal 
4-symmetric bundle N = G/Go is given by 

G/G = {(x, J),x G Gr p , c (C p+ «), J G Gr IlC (a;) x Gr^cfar'-J/Za} (24) 

if p, q are even and I = p/2, r = q/2, and by (|23)l in all the other cases. 
In the antilinear case, Jo = L(Ji)J?(J 2 _1 ) e Aut(m)°.c, with (Ji, J 2 ) = (J(6 P , J^6 g ), 
is in E(ra) if and only if (J 2 , J|) = ( J{ J{, J^) G (-Id p , Id 9 ).C/(l). It is easy 
to see that we can only have 

(J 2 ,J 2 ) = ±(-Id p ,Id 9 ). (25) 

Hence according to the following lemma: 

- if p, q are odd then £(m) l~l (Aut(m)°.c) = 0, 

- if p, q are even then the two signs ± are realized in l(25|) and thus S(m) Pi 
(Aut(m)°.c) has 2 connected components, 

- if p, q have opposite parities, then only one sign is realized in l]25l) and S(m) n 
(Aut(m)°.c) has one component. 

± 

Lemma 2 Let E C C" be a Lagrangian n-plan, i.e. E © iE = C" and let bE 
be the associated conjugation: v + iw 1— > v — iw for v,w G E. Then U{n).bE = 
bE-U{n) does not depend on E and is the set of anti-C-linear isometries in C™ 
(the elements in 0(R 2 ™) which anticommute with the complex structure I = 
Moreover for any J in this set there exists a Lagrangian n-plane E such that 
J = J E -b E = b E -J E with J E G 0(E). Besides J G £(R 2 ") (resp. OS(R 2n ) ) 
if and only if J E G £(£) (resp. OS(E)). In particular £(R 2 ™) n (U(n).b E ) ^ 
only if n is even, moreover £(IR 2n ) n (U(n).bE) C S + (M 2n ). Then given 
any Ji G E(R n ) (resp. OS{W 1 )) there exists h G U(n) such that h.E = R n , 
hJEhr 1 = Ji and thus hJhT 1 = Ji.&k™- 

Then the order four automorphism corresponding to Jo is r = Int(diag(Ji, J2)) 
with Ji G AdU(p)(Jz.b p ), J 2 G AdU(q)(b q ) and Jz = ' In ° ther 

words Ji is any complex structure in R 2p anticommuting with i p and J2 is any 
orthogonal conjugation in C 9 . Hence, we have G r = Sp(p/2) x SO(q). Hence 

20 I,, p _i =diag(Id i ,-Id p „ i ) 
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U(p) x U(q)/G T = S+(CP)_ x Lag(C) where E+OC")- = £(R 2 p ) n Ant(J p ) 
are the complex structures in R 2p anticommuting with I p and Lag(C 9 ) are the 
oriented Lagrangian planes in C q . Thus we have: 

H/G T = S'(E + (C p )_xLag(C <? )) := {(J,P) G E+(C P )_ xLag(C«) | det c (J)det c (P) 

It is easy to define detc on Lag(C 9 ); and for £ + (C p )_, we set detc(J) = detc(-B) 
for E any Lagrangian n-plane invariant by J (definition independent on the 
choice of E) . Then 

G/G T = {(x,J,P),xG Gr p x(C p+9 ),(J,P) G £+(z)- x Lag(z x )}. 

Let us compute Gl G . We have to solve for (A, C) G U(p)xU(q): UpAJ^.C) = 

2 2 

A(^4, C) for A G C/(l) whose the solutions are ±\^{Sp{p/2) x 0(q)). Hence we 
have G' = G /K = X (U(l)(Sp(p/2) x O(q))) - X (Sp(p/2) x 0(g)) = 

f x(Sp(p/2) x 50(g)) if g is odd 
|x(G T )U^ix(G r ) if g is even. 

Then G'/Gd = G/G = U(p+q)/{U(l){Sp(p/2)xO(q))) = PSU(p+q)/P(S P (p/2), 
0(g)) hence AT = G/Go is equal to (G/G T )/Z p+q if g is odd and to (G/G T )/Z 2 ( p+g ) 
if g is even. 



6 Appendix 

Theorem 20 Lei G be a connected Lie group with an involution a . 7/Ad m (G fT ) 
is compact (resp. relatively compact) then Ad m i/ is compact (resp. relatively 
compact) for any H such that (G a ) a C H C G a . 

Proof. According to [Tj (lemma 2.7), (G CT )/(G CT )° is finite hence H/(G a )° is 
finite and the theorem follows. ■ 

Corollary 3 We give ourself the same setting and notations as in remark^ 
If H = (G^) satisfies: Ad m H is compact (resp. relatively compact), then for 
any symmetric pair (G,H), Ad m P is compact (resp. relatively compact). In 
other words if one symmetric pair ( associated to (g, a) ) is Riemannian then all 
the others are also. 

Proof. Since G is simply connected, it is the universal covering of G and 
we have a covering ir: G — > G. Then Ad m P = Ad m iJ° (there are connected 
with the same Lie algebra) hence Ad m H° is compact and then according to the 
previous theorem, Ad m -ff is compact. ■ 

Corollary 4 Let (G, H ) be a symmetric pair with involution a and t: G — > 
G an order four automorphism such that t 2 = a. Then if Ad m P is com- 
pact (resp. relatively compact) then the subgroup generated by Ad m H and T| m; 
Gr(Ad m if, T| m ) is compact (resp. relatively compact). 
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Proof. Wehaver| m (Ad m G" T )r | ~ 1 = Ad m r(G" T ) = Ad m G CT . Hence Gr(Ad m G" T , r, m ) = 
(Ad m G cr )Gr(r| m ) which is (relatively) compact because so is Ad m G a , accord- 
ing to theorem [2Ql and then Gr(Ad m G CT , ri m ) is (relatively) compact because 
since Gr(Ad m -ff, T] m ) D (Ad m if )Gr(r| m ) then Ad m G CT / Ad m H is a covering of 
Gr(Ad m G CT , T] TO )/Gr(Ad m ff, T| m ) which is consequently finite. ■ 

Theorem 21 Let (G,H) be a symmetric pair with involution a: G — > G and 
t : q — > g an orrfer /owr automorphism such that Then if Ad m H is reZ- 

atively compact then the subgroup generated by Ad m H and ti to , Gr(Ad m ff, T| m ) 
is relatively compact. 

Proof. Let G' = AdG, then G := ker Ad = center of G and we can identify Ad 
to the covering n: G — > G/G and G' to G/G. The automorphism a gives rise to 
& ' : Q — > G' such that cr'o7r = 7roer. Besides the automorphism r integrates in G' 
into r' defined by t' = Intr: Adg eG'h t o Adg ot -1 and we have t'o7t = 7ror 
and r' 2 = cr'. Then according to corollary [H Gr(Ad m G /<T , T] m ) is relatively 
compact since according to corollary O Ad m G ,cr is relatively compact because 
Ad m -ff is so. Moreover we have G' a D ^{G a ) then (since Adir(g) — Adg \/g G G) 
Ad m G' CT D AdmC 7 D Ad m H thus Gr(Ad m i/, T| m ) is relatively compact. ■ 

Theorem 22 Lei (g, a) be an orthogonal symmetric Lie alaebra^l such that f) = 
Q a contains no ideal ^ in Q. Then for any symmetric pair (G,H) associated 
with (q, f)), the associated symmetric space M = G/H is Riemannian. Moreover 
let G be the simply connected Lie group with Lie algebra g, a integrating a , 
H = (G CT )° and C the center of G. Then we have H = G a . Further, for any 
subgroup S of C put 

H s = {geG\ a(g) G g.S}. 

The symmetric spaces M associated with (9, cr) (i.e. (G,H) is associated with 
(g, t))) are exactly the spaces M = G/H with 

G = G/S and H = H*/S (26) 

where S varies through all a -invariant subgroups of C and H* varies through 
all a -invariant subgroups of G such that HS G H* G Hs- Hence, all the 
symmetric spaces M = G/H = G/H* associated with (g,a) cover the adjoint 
space of (fl, cr).- M' = G'/G" 7 ' = G/H^ and are covered by M = G/H (the 
universal covering): 

M M -> M'. (27) 

Besides if (■,■) is an Ad m G /<T -invariant inner product then it is invariant by 
ad m H = Ad m H* for any H described above, and the coverings ( Tl7j) are Rie- 
mannian, when M, M, M' are endowed with the corresponding metrics. 

21 i.e. a is an involutive automorphism and f) = g CT is compactly embedded in g (see |10j 1 
22 with the notation of the proof of theorem [21] For any (G,H) symmetric pair associated 

with (g, cr), we have G' = AdG = Int(g) the group of inner automorphism of g (see |10j ) and 

cr induces an automorphism a' of G' = Int(g). 
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Proof. We have only to prove H — G a , which follows from [1] (lemma 2.7). All 
the rest is an adaptation of [10J (Ch. VII, thm 9.1) using what precedes. This 
completes the proof. ■ 
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